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Despite the tremendous advances witnessed in light microscopy over the past
two decades, non-invasive optical imaging is still limited to penetration depths
smaller than 1 mm into tissue. Multiple scattering caused by the refractive index
inhomogeneities of biological matter rapidly distort any optical wavefront prop-
agating through, rendering tissues opaque. Such turbidity restricts imaging, as
well as other biophotonics techniques, to the most superficial layers of tissue.
A perspective strategy to overcome the turbidity of living matter exploits
holographic light control in multimode optical fibres. This allows devising min-
imally invasive imaging probes with footprints far bellow those of conventional
endoscopes, as well as enhanced spatial resolution up to the diffraction limit de-
termined by the numerical aperture (NA) of the fibre.
In this Thesis, high-resolution focussing is demonstrated with unprecedented
ability across novel specialty fibres offering very-high NAs, by devising a system
and methodologies which allow counteracting the severe mode-dependent loss
affecting such fibres. The high quality and NA of the generated foci is capable
of 3D optical confinement of dielectric microparticles, thus enabling the deliv-
ery of holographic optical tweezers introduced through a bare optical fibre with
cross-section comparable to a single cell. The holographic methods developed
allow the manipulation of complex 3D arrangements of particles, as well as their
independent positioning with nanometre-scale precision in all three dimensions.
Separately, a multimode fibre based deep-brain fluorescence imaging is
demonstrated in animal models in vivo, allowing the identification of neuronal
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This chapter situates the Thesis in the broader context of biomedical imaging, and
provides an overview of the topics onto which it builds upon. Additionally, it lays
out the aims and objectives of the present work and summarises the structure of
the Thesis.
The contents of this chapter partially comprise the review article: S. Turtaev,
I. T. Leite, and T. Čižmár, Multimode fibres for micro-endoscopy, Optofluidics Mi-
crofluidics and Nanofluidics 2, 31–35 (2015).
1.1 Motivation
Optical, or light, microscopy has become an ubiquitous technology in the Life and
Biomedical sciences since the seventeenth century. As the main driver of modern
Biology, it opened the door to the discovery of the cell and bacteria, and later the
study of sub-cellular structures. Optical microscopes were the highest resolution
imaging tools available until the advent of electron microscopy in the early 1930s.
Nevertheless, light microscopy did not lose in popularity, still remaining today as
the primary technology for observations in the Life Sciences. There are, of course,
good reasons for this. Optical microscopy can provide quantitative information,
yields high sensitivities down to the femtomolar scale and offers a plethora of
endogenous and exogenous contrast mechanisms (e.g. fluorescence and Raman),
all combined with very high spatial resolutions [1, 2]. Very importantly, it is com-
patible with studies of living matter in vivo and in vitro at several scales from cells
to tissues and organisms, owing to the possibility of maintaining the samples in
physiological conditions and by using non-ionising radiation.
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Observations using light are, however, typically limited to the most superfi-
cial layers of living tissues or to thin, transparent samples of fixed tissue anal-
ysed by histology. The high complexity of most biological tissues, with inho-
mogeneities in refractive index at all length scales, gives rise to multiple scatter-
ing which rapidly degrades the optical wavefronts, rendering tissues turbid, or
opaque. Techniques such as confocal and multi-photon microscopies, as well as
optical coherence tomography, can reject this undesired scattered light and select
only the non-interacting photons which remained unaffected by scattering. The
proportion of such ballistic photons decays exponentially with tissue depth (Beer-
Lambert law) with a characteristic length corresponding to the mean free path of
the photons – i.e. their average distance travelled between two consecutive scat-
tering events. For most tissues, this mean free path lies typically in the order of
50–100 µm for visible and near-infrared light [3].
The mean free path of photons is larger for longer wavelengths, meaning
that they can penetrate deeper into tissue. However, the attainable diffraction-
limited spatial resolution will be proportionally smaller. Interestingly, this seems
to give rise to a trade-off between penetration depth and achievable spatial res-
olution affecting all commonly employed non-invasive techniques which allow
in-vivo investigations [2–4], as revealed by Fig. 1.1. As a rule of thumb, most non-
invasive imaging methods allow resolving details around two orders of magni-
tude smaller than the imaging depth. In the optical realm, remarkably, a few tech-
niques can slightly escape this trend. Multiphoton microscopy is capable of in-
creased penetration depths up to 1 mm owing to the deeper penetration of longer
wavelengths combined with optical sectioning arising from the non-linear proba-
bility of two- or three-photon absorption [5–8], while a variety of super-resolution
techniques is able to exceed the resolution of diffraction limit and observe life at
the molecular level [9–12]. Still, an immense technological gap separates us from
undertaking detailed sub-cellular observations at centimetres of depth.
A new strategy has emerged in the last decade, taking inspiration in the prin-
ciples of adaptive optics from astronomy, to harness the scattered photons. Even
though extremely complex, scattering is a deterministic and linear process and
as such does not destroy coherence, even in the highly- or multiple-scattering
regime [2]. By controlling the spatial modes of a wavefront by means of digital
holography using a spatial light modulator (SLM), it is possible to manipulate
coherent light across distances within highly-scattering media far exceeding the
photons’ mean free path, to create diffraction-limited foci [13, 14] or transmit im-
ages [15, 16]. This gave rise to a new discipline in the domain of Optics, so-called
Chapter 1. Introduction 3
FIGURE 1.1: Trade-off between depth of penetration and attainable
spatial resolution for some of the most widespread non-invasive
biomedical imaging technologies. Figure reproduced from [4].
photonics of complex media. However, focussing (or in general, controlling) light
inside such turbid media requires some sort of feedback from within acting as a
guide star – a term which remains from its origins. Despite significant progress
in this direction in recent years [17], e.g. exploiting combinations with photoa-
coustics [18, 19], completely non-invasive imaging at depth still lies in the distant
future [2, 4].
The alternative imaging approaches rely on the use of endoscopes, slender
instruments transmitting images from remote, hardly-accessible locations. Rigid
endoscopes are generally comprised of large rod-lenses to relay images between
its two extremities, an improvement introduced by Harald Hopkins to the previ-
ous designs based on numerous relay lenses [20, 21]. Flexible endoscopes (fiber-
scopes) on the other hand, rely on image transfer through flexible fibre bundles
– a concept first demonstrated also by Hopkins [22]. These are typically com-
bined with a micro-objective lens or gradient-index lens that creates an image on
the facet of the fibre bundle; there it is separated into individual guiding cores
that transport light to the opposite extremity where the image can be observed
or recorded. Nevertheless, the instrument footprint in both cases is rarely be-
low 1 mm, which is far too large to be introduced deep inside the most sensitive
tissues, particularly in scientific research using awake animal models.
Chapter 1. Introduction 4
A perspective approach for devising ultra-narrow endoscopes has recently
emerged, exploiting hair-thin multimode optical fibres as the image-guiding
medium [23–25]. Multimode fibres (MMFs) can be made with diameters in the
order of tens of micrometres, thus reducing the instrument footprint by orders
of magnitude. However, light propagation in MMFs is a complex and often
unpredictable process. An incident optical field is coupled into its many waveg-
uide modes, all of which propagate with different phase velocities and that can
also couple between each other through imperfections or bending of the fibre.
The resulting output field is a superposition of such modes, which now feature
complex and unpredictable phase relations, and in general bears no resemblance
to the initial field. This leads to the degradation beyond recognition of any image
transmitted through distances as small as hundreds of micrometres. Although
originating from a different physical mechanism, such turbid behaviour shares
much from that of highly-scattering media introduced above. In both cases, the
apparently randomising process is linear and deterministic; as such, the same
strategies for wavefront shaping can be employed to control the spatial modes
of the transmission medium. Importantly however, in a MMF one generally
has access to both the input and output fields when characterising the light
propagation prior to its implantation within a sample, thus obviating the need
for a guide star.
Holographic control of light propagation in MMFs has allowed demonstrat-
ing focussing [26–28] and beam-shaping [23, 27, 29], different modalities of mi-
croscopy [23–25, 30–32], as well as micro-fabrication [33, 34] and optical manipu-
lation [27, 35]. Nevertheless, there are still many obstacles in the way before this
technology can be routinely found in applications requiring imaging, or other
biophotonics techniques, deep inside living tissues. These include, but are not
limited to, spatial resolution achievable, imaging speed, flexible operation, and
simultaneous control over spatial and temporal dispersion. Addressing these
challenges can bring us closer to unravel the mysteries hiding deep within the
complexity of living matter.
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1.2 Fundamental concepts
1.2.1 Fibre optics
Optical fibres are narrow, flexible waveguides with diameters usually in the range
from 0.1 mm to 1 mm which allow transmitting light signals over long distances
– up to hundreds of kilometres – with very little attenuation. They typically
have cylindrical symmetry and are made from transparent materials such as glass
(most frequently, pure or doped silica) or plastic.
In its simplest and most widespread conception, an optical fibre comprises
a homogeneous, cylindrical core surrounded by an also homogeneous cladding
with lower refractive index – this is a so-called step-index fibre. In this case, light
remains confined to the core region by total internal reflection, without energy
transmission to the cladding. The refractive index contrast between the core and
cladding materials dictates the maximum spatial frequencies which are allowed
to propagate through the fibre. Using the geometrical optics description, the in-
dex contrast dictates the maximum propagation angle at which light rays can
travel within the core, which has the critical value φc = cos−1 (n2/n1) (where n1
and n2 are, respectively, the refractive indices of the core and cladding) as seen
directly from Snell’s law. This is usually described in terms of the numerical aper-
ture (NA) of the fibre, which defines both the acceptance angle when coupling
light into the fibre as well as the divergence of the output beam at the opposite
facet. The NA, defined as n1 sin φc, is then given by:
NA =
√
n21 − n22, (1.1)
and thus depends solely on the choice of the core and cladding materials.
Each propagation angle within the fibre corresponds to a guided mode charac-
terised by a particular spatial distribution of the optical field satisfying the bound-
ary conditions of the waveguide, which correspond to the electromagnetic field
being smooth – i.e. continuous and with continuous gradient – across the core-
cladding interface. In the ray-optics description, this corresponds to the light
rays satisfying a condition of constructive interference between consecutive re-
flections at the core-cladding boundary. Thus, only a discrete number of guided
modes can travel in the fibre with a discrete number of propagation angles, all of
which below the critical value. If the refractive contrast and/or the core diameter
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are small enough, it may be the case that only one guided mode – the fundamen-
tal mode – in each orthogonal polarisation state is sustained by the fibre. In such
case, the fibre is termed single-mode fibre, and it can be shown that single-mode
operation occurs for v . 2.405, where v = k0aNA is called the reduced frequency
or v-number (k0 is the wavenumber in free space and a is the core radius) [36,
37]. When v & 2.405, the fibre sustains more than one guided mode, and is thus
called multimode fibre. For 2.405 . v . 10, an optical fibre is sometimes referred to
as a few-mode fibre. Larger v-numbers amount to an increasing number of guided
modes. In the limit v  1 (in practice, v & 20), the number of modes sustained
by the fibre is approximately given by N ' v2/2, including both orthogonal po-
larisation states [36, 37].
By definition, these guided modes (also called eigenmodes or propagation-
invariant modes) preserve their field distributions during transmission through
the fibre, and each of them propagates with a distinct phase velocity, or propa-
gation constant1. Thus, an eigenmode ψj after travelling a distance z in the fibre
accumulates a phase eiβ jz, where β j is its propagation constant. Moreover, it can
be shown that the set of fibre eigenmodes forms a complete and orthonormal
basis for the fields allowed to propagate in the fibre, which can thus be expressed
as E = ∑j Ejψj. If the optical fields at the input and output of the fibre, Ein and
Eout, are expressed in the basis formed by the fibre eigenmodes, ψj, then they are







eiβ1z 0 · · · 0
0 eiβ2z · · · 0
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... . . .
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are the coordinates of the input and
output field in the basis of fibre eigenmodes.
In a real fibre, inhomogeneities and impurities originating in the fibre manu-
facturing process, as well as micro- and macro-bends in the fibre conformation,
give rise to mode mixing in the fibre, i.e. exchange of power between the eigen-
modes. This will be represented by non-diagonal elements in the transmission
matrix (1.2), leading to highly complex and seemingly unpredictable phase rela-
tions between the output modes. Nevertheless, it has been shown recently that
given sufficiently accurate knowledge of the parameters of the fibre (including
1Their exact field distributions and dispersion equation are derived in Appendix A.
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departure from ideal index profile), of the 12 degrees of freedom in alignment, as
well as the macro-bending conformation of the fibre, such diagonal transmission
matrix can be numerically predicted and adequately describe optical propagation
over fibre lengths up to 30 cm [38].
From an experimental perspective, the basis of propagation-invariant modes
is not a convenient choice for practical implementations. However, any basis of
orthogonal modes of sufficient dimension can be employed; moreover, the input
and output modes do not need to be expressed in the same basis. The frequent
choice is usually a square grid of diffraction-limited points or truncated plane-
waves with different propagation angles, since in the first case they can be made
conjugate to individual pixels of a CCD detector or spatial light modulator, or
their far-field can be conjugate to the pixels’ grid in the latter case. In general, of
course, such choice will lead to a non-diagonal transmission matrix of complex
values.
1.2.2 Photonics of complex media
Complex media, also known as turbid or highly-scattering media, are materials
having refractive index inhomogeneities spanning across the length scales com-
parable to, or smaller than, the wavelength of light [39]. Light travelling in such
a medium is scattered one or multiple times in random directions, rapidly dis-
torting the incident wavefront. Image transmission is lost in this way, and the
medium appears opaque. Common examples of complex media include fog,
white paint, unfiltered beer (including the foam), and biological tissue.
Soon after high-quality digital diffractive elements became available at the
turn of the millennium, various approaches to control multiple light scattering
have been developed [40]. They commonly employ spatial light modulators
(SLMs) to manipulate the incident wavefront projected on the complex medium
in such a way as to achieve a desired output field distribution despite light dis-
tortion within the media due to scattering.
First experiments demonstrated the possibility of focussing behind highly-
scattering layers by means of a computer-controlled feedback algorithm [13, 14].
This work inspired a multitude of different other wavefront shaping techniques
which followed soon after, including iterative methods [41], time reversal or
phase conjugation [42], and the transmission matrix approach[43, 44].
Possibly the most well-established method to control light scattering in com-
plex media relies on the empirical acquisition of its transmission matrix (TM).
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FIGURE 1.2: Wave propagation in complex media. Wavefronts
transmitted through a complex, or turbid medium are distorted due
to multiple scattering events. The spatial output modes Em are re-
lated to the input modes En through a transmission matrix which
completely describes optical propagation through the medium.
Since in the majority of cases scattering can be considered a linear process, opti-
cal propagation within a complex medium can be described in terms of a matrix
of complex coefficients. Arbitrarily complex incident and transmitted fields can
be decomposed in sets of input and output orthogonal spatial modes, which are
mutually related by the TM, as illustrated schematically in Fig. 1.2. With the
knowledge of the TM of the medium, one can simply calculate which phase and
amplitude input distributions need to be provided in order to synthesise a de-
sired light output. Images transmitted coherently through complex media are
typically scrambled beyond recognition into seemingly random speckle patterns,
but the original image can be recovered by deploying the TM [15].
It should be noted, however, that only a small portion of the TM of a complex
medium can be acquired in practice. For visible light, the number of transverse
modes carrying energy across the medium is in the order of 10 million modes per
square millimetre [40], a value by far exceeding the number of spatial degrees of
freedom controllable with an SLM. As a consequence, most light remains uncon-
trolled, thus forming a speckled background.
1.2.3 Holographic light control in multimode fibres
When light is launched into a multimode fibre (MMF), the incident optical field
is projected onto its numerous waveguide modes, each of which travelling with
a different propagation constant (or equivalently, different phase velocity). This
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phenomenon is commonly known as intermodal dispersion, or simply modal disper-
sion. Moreover, the presence of impurities and inhomogeneities within the fibre,
as well as macro or micro-bends, causes these modes to couple to one another
and exchange energy – a mechanism called mode mixing. Both processes concur to
distort the wavefront of the incident field, and upon coherent propagation of just
a few hundreds of micrometres the resulting field is a complex speckle pattern
bearing little to no resemblance with the initial distribution. Although arising
from distinct physical mechanisms, the apparently randomising nature of light
propagation in multimode fibres is somewhat analogous to optical transmission
through complex media. As such, in most applications MMFs can be regarded
as complex media, and the same principles for controlling light propagation by
wavefront shaping can be employed. Nevertheless, a few key differences should
be emphasised. In an MMF, the number of channels transporting energy across
(its waveguide modes) is typically comparable to the number of spatial degrees of
freedom controllable with an SLM. Thus, it is in general possible to control the to-
tal power propagating through an MMF using complex (i.e. both amplitude and
phase) modulation. When only the phase information is used (phase-only mod-
ulation), control over only π/4 ' 78.5% of the power can be generally achieved
[27]; however, special cases exist where this can vary significantly. Additionally,
the cylindrical symmetry of MMFs gives rise to both a rotational memory effect,
where rotating an incident input field precisely around the fibre axis gives rise to
a rotated output field by the same amount [45], as well as an axial memory effect
preserving the axial components of incident wavevectors [23]. The polarisation
state is also usually well-preserved in most high-quality MMFs, especially for
circularly-polarised light [38].
Analogies of the first wavefront shaping feedback algorithms shown in com-
plex media [26, 27, 35], the empirical measurement of the transmission matrix
[23, 24], as well as principles of digital phase conjugation [25, 28] have been suc-
cessfully exploited for beam-shaping and imaging through MMFs. Fluorescence
imaging [23, 25, 35] and micro-manipulation [27, 35] can be performed by scan-
ning a focussed light at the distal end of a MMF, as depicted in Fig. 1.3a. Scanner-
free wide-field imaging has also been demonstrated. Here, the acquired TM is
used to retrieve the optical field at the distal fibre facet from the speckle pattern,
either by physical inversion of the TM using a SLM [23] or by numerical post-
processing [24], as depicted in Fig. 1.3b.
Most methods above have only been demonstrated using narrow-band laser
light. This, unfortunately, stands in the way of introducing advanced methods of























FIGURE 1.3: Multimode fibres as complex media. a, Focussing light
through a multimode fibre (MMF). With the knowledge of the trans-
mission matrix (TM) of the fibre, it is possible to spatially modu-
late the wavefront at the proximal end such that the optical field
is tightly focussed at a certain working distance from the distal fi-
bre facet, producing an aberration-free diffraction-limited spot. b,
Wide-field imaging through an MMF. Once the TM of the MMF has
been determined, the optical field at a given distance from the distal
end of the fibre can be retrieved from the speckle pattern emerging
at the proximal end.
microscopy based on multi-photon excitation. In the pulsed regime, both the ma-
terial and modal dispersions broaden the pulse in the time domain. Nevertheless,
purely spatial encoding can be used to optimise both the spatial and temporal do-
mains simultaneously, allowing the delivery of sub-picosecond pulses through
MMFs up to 30 cm in length. Two-photon absorption [32] and, later, two-photon
microscopy [46], have been demonstrated using this strategy.
1.2.4 Optical trapping and manipulation
Optical tweezers, a tightly focused laser beam, allow for stable and contactless
3D confinement and manipulation of micro- and nano-objects [47–49]. Many ex-
citing applications of this concept have been demonstrated across the domain of
biophysics, particularly due to their ability to precisely exert and measure sub-
piconewton forces on single molecules or molecular assays [50]. So far, optical
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tweezers have made many contributions to our understanding of molecular mo-
tors and the functionality of biological polymers driving the mechanics of cells
[51–53]. Holographic optical tweezers (HOT) are currently the most advanced
optical manipulation technique in which a multitude of trap sites can be simulta-
neously manoeuvred in all three dimensions through the use of wavefront shap-
ing [54–56].
Due to the optically turbid nature of living matter, applications of optical
tweezers are often limited to studies in vitro, with a few exceptions where in-
vestigations in vivo were bound to the superficial layers of tissues [57–59]. As
before, the turbidity of tissues can be overcome by deploying optical fibres as
minimally-invasive light guides to provide optical access at depth.
Fibre-based manipulation schemes date back to the early 1990s [60]. Static
three-dimensional optical traps have been constructed using single-mode fibres
in combination with elaborate terminations [61–63]. The first systems capable of
one-dimensional manipulation were realised in counter-propagating dual-fibre
schemes [64, 65] and, later by using few-mode fibres, enabled the controlled rota-
tion of cells [66, 67].
Early studies of holographic light control through MMFs also brought the pos-
sibility of two-dimensional (lateral) confinement and manipulation [27, 35]. Due
to the limited NA of commercially-available MMFs, however, the resulting foci
could not provide full 3D confinement of micro-objects. Confined particles there-
fore had to be prevented from escaping the optical traps along the optical axis,
which was achieved by trapping against a sample boundary (coverslip).
1.3 Aim
The aim of the present Thesis is to further develop the current state of the art in
the topic of multimode fibre-based micro-endoscopy, by addressing some of its
current challenges.
Specifically, the main objectives of this Thesis are:
• Development of experimental designs and methodologies of holographic
light control capable of high-resolution focussing using novel types of very-
high-NA multimode fibres;
• Demonstration of three-dimensional optical trapping and manipulation
of dielectric micro-particles, employing the methods mentioned above,
through minimally invasive endoscopic probes;
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• Development of methodologies towards practical implementations in in-
vivo biomedical settings, including generation and independent positioning
of multiple optical tweezers.
Additional objectives relate to supporting the research activities lead by
Sergey Turtaev. These are:
• Acceleration of the wavefront shaping optimisation procedures and raster-
scanning fluorescence imaging via single-fibre endoscopes by exploiting
digital micromirror devices as spatial light modulators;
• Design, development and demonstration of a minimally-invasive single-
fibre endoscope for real-time deep-brain imaging in animal models in vivo.
1.4 Thesis outline
This Thesis consists of seven chapters, organised as follows:
Chapter 1 motivates the need for ever-smaller endoscopic probes and the po-
tential of holographic micro-endoscopy exploiting multimode fibres in biopho-
tonics settings. It also provides the reader with a general overview of the topics
onto which the work presented in this Thesis builds upon. The general aim and
specific objectives of the Thesis are summarised, and its structure presented.
Chapter 2 is devoted to the comparison of the currently most popular tech-
nologies for spatial modulation of light, liquid-crystal-based spatial light modula-
tors (LC-SLMs) and digital micromirror devices (DMDs), in three typical scenar-
ios: aberration correction in an optical system, focussing light transmitted across
a highly-scattering medium, and generating diffraction-limited foci through a
multimode fibre.
A new class of very-high-NA optical fibres is introduced in Chapter 3, as well
as a design and methodologies for harnessing the full NA from such fibres and
generate distal foci with unprecedented NA.
The ability to generate high-NA focussed outputs virtually free of optical aber-
rations is exploited in Chapter 4 for demonstrating holographic optical tweezers
delivered by a lensless fibre, capable of three-dimensional trapping and manipu-
lation of complex arrangements of dielectric micro-particles independently. The
influence of bending of the fibre is also touched upon.
Chapter 5 addresses the characterisation of the fibre-based holographic opti-
cal tweezers. A methodology for particle tracking is presented which, based on
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symmetry and principal component analysis of high-speed 2D video recordings,
allows reconstructing the 3D trajectory of the Brownian motion of a trapped par-
ticle. This allowed estimating the strength of the optical tweezers, and studying
their stiffness versus power characteristics. A methodology allowing the precise
positioning of the optical tweezers at the nanometre-scale is also demonstrated.
Lastly, the effect of temperature on the transmission matrix and its impact on
defocus is briefly analysed.
In Chapter 6, deep-brain in-vivo fluorescence imaging is demonstrated using
a minimally invasive micro-endoscopy system capable of real-time image acqui-
sition and of resolving micrometre-sized neuronal structures.
Finally, Chapter 7 concludes the Thesis by summarising the results obtained
and discussing their potential impact to the state of the art, as well as presenting




Liquid-crystal and MEMS based
spatial light modulation
Digital micromirror devices (DMDs) based on micro-electro-mechanical systems
(MEMS) technology have recently emerged as practical alternatives to the well-
established nematic liquid-crystal based spatial light modulators (LC-SLMs) for
applications in photonics, primarily due to their modulation rates which can be
orders of magnitude higher. This, however, comes at the expense of limited mod-
ulation depth as well as diffraction efficiency.
In this chapter, the beam-shaping fidelity of both technologies for spatial light
modulation is compared in three distinct scenarios commonly encountered in the
discipline of complex photonics: aberration correction of an optical system, fo-
cussing through a highly-scattering medium, and generating diffraction-limited
foci across a multimode fibre.
The contributions from the author of this Thesis to the work presented in this
chapter consisted of: (i) implementation of the holographic methods using the
LC-SLM, (ii) measurements performed with LC-SLM based wavefront shaping,
and (iii) contribution to the interpretation of the overall results.
The contents of this chapter comprise the following publication: S. Turtaev, I.
T. Leite, K. J. Mitchell, M. J. Padgett, D. B. Phillips, and T. Čižmár, Comparison of
nematic liquid-crystal and DMD based spatial light modulation in complex photonics,
Optics Express 25(24), 29874–29884 (2017).
2.1 Need for speed
When considering imaging applications, and particularly those relying on
raster-scanning focussed light behind a complex medium [23, 25, 35], the SLM
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refresh rate becomes a critical attribute. Nematic liquid-crystal based SLMs
(LC-SLMs) [68, 69] have been employed in numerous pioneering experiments
involving these imaging modalities but, with refresh rates limited to 10–200 Hz,
acquisition of a single frame containing a few kilopixels of data typically takes
several minutes [35]. Even in case of the faster LC-SLMs alternative based on
ferroelectric liquid crystals, which at the cost of a binary modulation depth
have increased switching rates up to the kHz level [70], the still relatively low
frame rates represent a severe obstacle for the majority of potential practical
imaging applications. The combination of LC-SLMs with a faster beam-steering
technology has been demonstrated to accelerate acquisition rates by over two
orders of magnitude, but significantly compromises the maximum achievable
pixel resolution [23].
Digital micromirror devices (DMDs) [71], which are based on micro-electro-
mechanical systems (MEMS) technology, have emerged as a powerful solution to
this problem, offering the fastest modulation rates (up to tens of kHz) among all
solutions presently available in the market. Unlike LC-SLMs, which are typically
capable of phase modulation with a depth of 8–12 bits, DMDs operate as purely
binary amplitude modulators, posing a limit to the precision and efficiency with
which each spatial degree of freedom can be controlled [72, 73]. Nevertheless, it
has been shown that, by employing a DMD in the off-axis regime [41, 74], it is
possible to perform beam shaping through both diffusive media [75] and multi-
mode fibres [24, 76] at very high speeds.
2.2 Methods
The aim of these experiments was to investigate the comparative performance
of a LC-SLM and a DMD as diffractive elements in typical scenarios of the bal-
listic, highly-scattering, and intermediate regimes, corresponding to aberration
correction of an optical system, focussing through a ground-glass diffuser, and
focussing through a multimode fibre. As such, the design of the experiments
allowed interchanging the two SLMs, in order to maintain the same experimen-
tal conditions, as well as identical parameters in the holographic methods used.
The performance of both modulators was assessed from recorded images of the
generated foci, by using a figure-of-merit appropriate for each case.
The speed of the wavefront shaping optimisation methods was limited by the
refresh rate of the modulator in case of the LC-SLM (Meadowlark HSPDM512,
Chapter 2. Liquid-crystal and MEMS based spatial light modulation 16
FIGURE 2.1: Modular experimental setup for comparison of LC-
SLM and DMD based spatial modulation of light in the ballistic,
highly-scattering, and intermediate regimes. 1, Wavefront correc-
tion in the ballistic regime. 2, Focussing in the highly-scattering
regime. 3, Focussing through a multimode fibre with internal (a)
and external (b) phase reference.
512 × 512 resolution), and by the 400 Hz acquisition rate of the CCD camera
(Basler piA640-210gm) when using the DMD (ViALUX V7001, 1024 × 768 res-
olution) which could operate at ≈23 kHz.
2.3 Experimental setup
The experimental setup was designed in a modular fashion, as illustrated in
Fig. 2.1. The SLM (DMD or LC-SLM) was illuminated by a highly coherent,
linearly-polarised laser beam at the 532 nm wavelength (CrystaLaser CL532-075-
S). The SLM was employed in the off-axis regime, whereby a high-frequency
spatial modulation was applied to the SLM and the resulting first diffraction or-
der was isolated by an aperture APT at the Fourier plane of lens F1a or F1b. In
all experiments, the active region of both the DMD and LC-SLM was limited to
512× 512 individual elements.
For the study in the ballistic regime (configuration 1 in Fig. 2.1), the CCD
camera was placed at the focal plane of lens F1a (500 mm focal length). In this
case, the aperture APT used to isolate the first diffraction order was placed as
close as possible to the CCD detector.
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In configuration 2, used for studying the focussing performance in the highly-
scattering regime, a collimating lens F2 (25 mm focal length) formed a demagnify-
ing telescope, together with lens F1a, to reduce the beam diameter on the surface
of ground glass diffuser D (placed in a plane conjugate to the SLM), in order to
increase the power reaching the CCD.
For the study of focussing performance through a multimode fibre, the SLM
was imaged onto the back-aperture of microscope objective O1 (Olympus Plan
N, 10×, 0.25 NA) via the 4 f system composed by the pair of identical lenses
F1b (200 mm focal length), whereas the input fibre facet was placed in the fo-
cal plane of O1. Microscope objective O2 (Olympus Plan N, 20×, 0.4 NA) to-
gether with tube lens F3 (200 mm focal length) imaged the distal fibre endface
onto the CCD. Quarter-wave plates QWP were employed to couple circularly-
polarised light into the multimode fibre, since such modes have been shown to
be better preserved upon propagation owing to the cylindrical symmetry of the
waveguide [38]. For the measurement of the transmission matrix of the system,
configuration 3a made use of an internal phase reference, which is transmitted
through the fibre. In configuration 3b, an external phase reference was provided
directly from the laser source via beamsplitter cube BS. The optical fibre used
was a 300 mm-long step-index multimode fibre with 0.22 NA and 50 µm-diameter
core (Thorlabs FG050UGA). At the 532 nm wavelength, the fibre sustains approx-
imatly 2100 modes, i.e. ≈1050 per orthogonal polarisation state.
2.4 Holographic methods
2.4.1 Interferometric measurement of the transmission matrix
The optimisation method used is equivalent to measuring part (or the whole)
transmission matrix (TM) of the complex medium, depending on the number of
independent modes in the medium, as well as the dimension of the basis of input
modes (i.e. the number of spatial degrees of freedom controlled). The TM is mea-
sured interferometrically, i.e. by superimposing the output optical fields with a
coherent phase reference in order to assess both their amplitude and phase infor-
mation. This procedure does not depend on the particular orthogonal basis of in-
put modes chosen, provided each input mode can be generated in sequence. With
the basis of output modes conveniently chosen as a square grid of diffraction-
limited foci conjugate to individual pixels of a CCD camera, the interferometric
response can be recorded for all output modes simultaneously.
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The input and output modes, Ψink,l and Ψ
out







where (k, l) and (u, v) label the input and output modes, respectively. Each ele-






−1 is the imaginary unit, the amplitude |tu,vk,l | is a positive number
and the phase φu,vk,l has real values in the interval [−π, π].
In the off-axis regime, where a high-frequency grating gives rise to distinct
orders of diffraction, the phase of the first diffraction order can be conveniently
changed by a lateral translation of the grating. Using the SLM to change the
phase difference ∆φ between a given input mode (k′, l′) and the reference field
Ψref leads to a harmonic signal of the intensity Ik
′,l′









i∆φ + Ψref|2. (2.3)
Since the TM is measured in the basis of input modes Ψink,l, then in this represen-
tation one has |Ψink′,l′ | = 1 and φ
in
k′,l′ = 0 for the amplitude and phase of the probed









u,v − φref + ∆φ), (2.4)
where φref is the phase of the reference signal. Thus, the complex field (i.e. both
amplitude and phase) at each position (u, v) of the calibration plane can be re-
trieved by changing the phase difference ∆φ in n steps δφ (i.e. ∆φ = qδφ, with
q = 1, . . . , n) using the recorded intensity (Ik
′,l′







iqδφ = 2|tk′,l′u,v ||Ψref|ei(φ
k′ ,l′
u,v −φref). (2.5)
This is equivalent to measuring the row (k′, l′) of the TM since the reference sig-
nal is assumed to have uniform amplitude |Ψref| across the grid (u, v) of output
modes.
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For the experiments presented in this chatper, δφ = π/2 and n = 4 or 8, corre-
sponding to changing the phase in steps of π/2 over one or two phase periods.
2.4.2 Subdomain based optimisation
The wavefront correction technique used in the setup configurations 1, 2, and 3a
was based on the decomposition of the initial laser field at the plane of the SLM
into a series of orthogonal input modes, each corresponding to a different square
region (subdomain) of the SLM chip [77]. The size of the subdomains was varied
from 32× 32 down to 4× 4 pixels, yielding a number of controlled spatial modes
ranging from 256 (16× 16 subdomains) up to 16384 (128× 128 subdomains). By
modulating a particular subdomain with a linear grating, part of the reflected
power is transferred from the zeroth diffraction order into the first diffraction or-
der. In case of the LC-SLM, this was achieved using a diagonal blazed grating
with a spatial period of 4 pixels (both horizontally and vertically) – the maxi-
mum permitted by the smallest (4× 4) subdomains used – which allowed 42% of
the optical power to be redirected into the first diffraction order. Due to the dis-
cretisation of the blazed grating, larger spatial periods (and, accordingly, larger
subdomains) can increase the diffraction efficiency of the LC-SLM, but come at
the expense of a smaller number of spatial degrees of freedom controlled for a
given resolution of the SLM. A binary amplitude grating [78] with the same peri-
odicity of 4 pixels was applied to the DMD, resulting in a diffraction efficiency of
only 8% under the same conditions.
When using an internal phase reference, a particular input mode (sub-
domain) is selected as a reference, and all remaining input modes are examined
one by one as follows. Both the reference mode and a mode under “test” prop-
agate through the optical system and interfere at the calibration plane (either a
plane conjugate to the CCD, or the CCD itself). The phase of the “tested” mode
can be modified by translating laterally the grating applied to the corresponding
SLM subdomain, resulting in change of the recorded intensity by the CCD,
which has a sinusoidal dependence on the phase difference between the two
modes. The phase of this sinusoidal curve reveals the optimal phase at which
the mode under test interferes constructively with the reference. Repeating this
procedure for all input modes and subsequently switching them all “on” with
the optimal phase applied, results in optimum focussing, as all modes interfere
constructively in simultaneous.
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The interferometric measurements for each subdomain were performed with
phase-steps of π/2. To assess the influence of temporal fluctuations in the effi-
ciency of the SLM during the optimisation procedure, the interferometric mea-
surements were obtained both for a phase sweep of one and two full cycles (i.e.
2π and 4π). Well-known sources of such fluctuations in LC-SLMs include trans-
fer delay time, response time and flicker [79], which affect the accuracy of the
interferometric measurements and, in consequence, the quality of the resulting
wavefront correction. To mitigate the influence of transfer delay and response
time, a waiting time of 25 ms was implemented between uploading the phase
hologram on the LC-SLM and image acquisition by the CCD camera. Addition-
ally, the particular model used is known to exhibit low, although still apparent,
phase flicker.
Having measured the transmission matrix tk,lu,v of the complex medium, a
given output mode (u′, v′) is generated by applying the complex modulation
encoded in its corresponding column tk,lu′,v′ . In case of phase-only modulation,
however, only its phase information is used:





where arg() denotes the argument, or phase, of a complex number.
The binary amplitude hologram encoding the target phase (2.6) applied to the
DMD is given as:






sgn (cos [φ (x, y) + φtilt (x, y)]) , (2.7)
where x and y represent the positions (in pixel units) of each individual element
of the SLM, sgn() denotes the sign function, φ (x, y) is the target phase φ (k, l)
expressed in pixel units, and φtilt (x, y) the phase tilt, given by:





where fx,y = 1/Λx,y are the spatial frequencies and Λx,y the periods (in pixel units)
along the x and y directions of the underlying linear grating applied (in this case,
Λx = Λy = 4).
The phase hologram applied to the LC-SLM is given by:
H (x, y) = π sawtooth [φ (x, y) + φtilt (x, y)] , (2.9)
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with φtilt given by Eq. (2.8), and where sawtooth() is the “sawtooth” function
with unit amplitude and period 2π, defined as:









which is used to wrap the phase to values in the interval ]−π, π] with a blazed
grating.
2.4.3 Fourier-domain based optimisation
The comparative performance of the modulators was also investigated under an
alternative optimisation approach using a different basis of input modes. This
was realised exclusively for the last case-study – generating diffraction-limited
foci across a multimode fibre – making use of an external phase reference (con-
figuration 3b of the experimental setup shown in Fig. 2.1).
Here, the input modes are formed by quasi-plane waves truncated by the
SLM chip, each being transmitted at a different angle corresponding to a specific
wavevector. Each such truncated plane wave forms a focussed spot at a different
location of the input facet of the MMF. This square grid of foci thus forms a new
orthogonal basis of input modes. As in the subdomain based optimisation, the
optimal phase to be applied to each input mode is found by analysing the inter-
ference with the external reference at the CCD plane. This technique is slightly
more demanding in the post-processing stage than the subdomain method, since
the reconstruction of the desired wavefront is made in the Fourier domain [38,
80]. However, it brings the advantage of making a more efficient use of the optical
signal during the TM measurement. Firstly, each tested mode makes use of light
reflected by the entire SLM chip, rather than from an individual subdomain, thus
improving the signal-to-noise ratio of the interferometric measurements. Sec-
ondly, the basis of input modes can be reduced to only the truncated plane waves
which result in focussed spots incident onto (and therefore coupled into) the fibre
core. Neglecting all remaining input modes minimises the number of measure-
ments required, thus decreasing significantly the optimisation time. Finally, the
employment of a uniformly distributed external reference signal eliminates the
effect of “blind” spots resulting from the speckled nature of internal references
[27].
In this case, the complex modulation generating a given output mode (u′, v′)
is reconstructed in the Fourier domain by reshaping its corresponding column
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tk,lu′,v′ and shifting it to the location of the first diffraction order. In order words,
we build an M×M matrix of complex elements, hu′,v′ (x, y), which is zero every-





+ M fx + k,
M
2
+ M fy + l
)
= tk,lu′,v′ (2.11)
for k, l = −
√
N/2, . . . ,
√
N/2− 1, where N is the number of input modes used, and
M2 is the number of individual elements in the active area of the SLM (in these
experiments, M = 512 for both types of modulators).
The phase hologram applied to the LC-SLM is then obtained as:
Hu′,v′ (x, y) = arg
(
F−1 [hu′,v′ (x, y)]
)
, (2.12)
where F−1 denotes the inverse Fourier transform, implemented using a fast
Fourier transform (FFT) algorithm. The binary amplitude hologram to be applied
to the DMD is obtained by binarising the previous phase modulation, i.e.:
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. (2.13)
Tracking the phase drift
Acquiring the TM corresponds to repeating the procedure detailed in Subsec-
tion 2.4.1 for all input modes, i.e. all combinations of (k, l). This procedure can
take from just 2.5 s – for 256 input modes, 4 measurements per mode (one phase
period) using the DMD at a modulation rate of 400 Hz – up to 55 min – in case
of 16384 input modes, 8 measurements per mode (two phase periods) using the
LC-SLM at a modulation rate of 40 Hz. During this period, an external phase ref-
erence usually experiences variations due to an unavoidable degree of instability
in the system, which translates into an error in the measurement of φk,lu,v [Eq. (2.5)].
Such instabilities do not affect the TM measurements using an internal phase ref-
erence, which benefit from the robustness of common-path interferometry. It is
therefore critically important to measure and correct for the phase drift between
the reference and input modes during TM acquisition when making use of an
external phase reference [27].
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2.4.4 Alignment of the fibre endfaces
In order to identify the location of the input fibre core, the fibre facet was raster-
scanned with focal points, corresponding to truncated plane-waves at the SLM,
while measuring the output power leaving the distal facet by integrating the in-
tensity reaching the CCD. This enabled identifying which input spatial modes
were efficiently coupled into the fibre and, in the case of the Fourier-domain
based optimisation, also defining the size of the basis of input modes used in
the TM acquisition. The axial alignment was adjusted by maximising the con-
trast in coupling efficiency between the input modes which were coupled into
the fibre core and those which were incident onto the cladding. The alignment
of the distal fibre facet was straightforward, since it was imaged directly onto
the CCD. The fibre extremities were held by x, y-micropositioners, allowing the
precise alignment in the transverse directions, whereas the axial alignment was
adjusted by z-micropositioners holding each microscope objective.
2.5 Results
2.5.1 Wavefront correction in the ballistic regime
Aberrations in optical systems corrupt a propagating wavefront and thus, in the
focal plane, smear out the focus, decreasing its peak intensity. To evaluate the
performance of wavefront correction implemented with both types of SLMs, the
metric quantifying the quality of the focus produced was the improvement in
peak intensity, i.e. the ratio between the maximum intensities after and before
applying the wavefront correction. This was calculated at the particular CCD
pixel for which the correction was performed.
Figure 2.2 shows that, for both modulators, increasing the number of spatial
modes in the wavefront correction algorithm results, in general, in an enhanced
peak intensity. For both types of SLMs, the main cause of aberrations in the sys-
tem was the surface curvature of the modulators themselves. The phase maps in
the insets of Figs. 2.2a,b, measured for 1024 modes, show that the surface of the
DMD chip is considerably more curved than that of the LC-SLM. This can also be
seen directly from the images of the uncorrected focus (leftmost insets) which no-
ticeably suffers from stronger aberrations in the case of the DMD. Nevertheless,
the wavefront shaping technique corrects for these, as well as any other, sources
of aberrations present in the optical system.
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FIGURE 2.2: Wavefront correction in the ballistic regime: aberra-
tion correction of an optical system. Peak intensity improvement as
a function of optimisation time and number of spatial modes con-
trolled, measured for a LC-SLM (a) and a DMD (b). The insets show
the uncorrected and corrected foci, as well as the map of measured
phase aberrations in each case. The standard deviations are smaller
than the size of the symbols.
In the case of the LC-SLM, the peak intensity reached its maximum value
when using a correction based upon the measurement of 1024 spatial modes (i.e.
corresponding to a grid of 32× 32 subdomains). However, when the number of
spatial modes was increased to 16384 (i.e. a 128× 128 grid of subdomains, each
consisting of 4× 4 individual pixels), the peak intensity of the focus fell consid-
erably below the maximum value. This can be understood by considering the
scattering in liquid-crystals: the portion of light diffracted from such small sub-
domains is comparable in power to the amount of light which is scattered from
the rest of the LC-SLM chip. This relatively strong background signal, compared
to the small portion of light from a single subdomain, reduces the accuracy of the
measurements. In the most critical case, this signal interferes destructively with
the reference, leading to the failure of the method in that particular point, thus
corrupting the wavefront correction calculated.
In the case of the DMD, the peak intensity of the focus also reached a value
close to its maximum for a correction using 1024 modes, from which point it
remained nearly constant for higher number of spatial modes. Since there is less
randomly scattered light from the DMD in comparison to the LC-SLM, further
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increasing the number of spatial modes does not increase or decrease the quality
of the optimisation procedure.
Another aspect addressed was the effect of increasing the number of phase
sweeps in the interferometric measurement of the TM. In Fig. 2.2, the measure-
ments shown in red correspond to optimisations using one phase cycle, whereas
those shown in blue correspond to wavefront correction using two phase cy-
cles. In case of the LC-SLM, increasing the number of phase sweep cycles lead
to a significant improvement in peak intensity and, of course, doubled the opti-
misation time since the number of measurements was increased two-fold. The
improvement in peak intensity is more pronounced for larger number of input
modes. This implies that there is a random error in the measurements which
becomes more significant for smaller subdomains, but which is reduced by aver-
aging over a larger number of measurements. This random error may originate in
the “flicker” associated with LC-SLMs: these devices typically operate by switch-
ing the polarity of the electric field across the liquid-crystal layer; therefore, even
when a displayed pattern is not changed, flicker can occur due to this continuous
switching, which periodically alters the phase of each pixel by a small amount.
As expected, the absence of flicker in the DMD modulator results in no difference
in performance for optimisation procedures using one or two phase sweep cycles.
2.5.2 Focussing through a ground-glass diffuser
In the highly-scattering regime, where the medium transforms a coherent beam
into a speckle pattern, the wavefront correction technique allows redistributing
light towards a chosen target point behind the diffuser. In such complex scatter-
ing media, the number of channels (i.e. the number of distinct possible routes of
light propagation) by far exceeds the number of input spatial modes (e.g. sub-
domains) that is possible to control using an SLM. Therefore, in addition to the
target focal spot, this leads unavoidably to the formation of a diffuse speckled
background arising from the uncontrolled light. The ratio between the peak in-
tensity at the target spot and the average background level, known as enhance-
ment, is the metric most frequently used to assess the quality of an optimisation
procedure in this context [13, 40]. In this regime, the maximum attainable en-
hancement grows linearly with the number of spatial modes controlled [13]. For
instance, a focus with enhancement of 54 was obtained in the first demonstration
of light control using the optical transmission matrix framework, using a total of
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FIGURE 2.3: Holographic beam-shaping in the highly-scattering
regime: focussing through a ground-glass diffuser. Enhancement as
a function of optimisation time and number of spatial modes con-
trolled, measured for a LC-SLM (a) and a DMD (b). The standard
deviations are smaller than the size of the symbols.
256 controlled channels (corresponding to a TM with size 16× 16) [43]. More re-
cently, enhancements exceeding 105 have been shown employing a 1 megapixel
DMD [81].
Figure 2.3 shows the enhancement measured as a function of the number of
spatial modes controlled, for both the LC-SLM and DMD. The relative standard
deviations of the measurements have not exceeded 2%. The values and trends
are very similar for both types of modulators. As in the previous case, the inter-
ferometric measurements using two phase cycles does not improve the quality of
the wavefront shaping procedure for the DMD, but brings a slight improvement
for the LC-SLM as it suppresses the adverse effect of phase flicker.
2.5.3 Focussing through a multimode fibre
Focussing through a multimode fibre can be regarded as an intermediate regime
between the ballistic and highly-scattering (including diffusive) regimes, since it
can be seen as a turbid medium with number of channels (number of waveguide
modes) comparable to the number of degrees of freedom controllable by an SLM.
Another particular aspect of MMFs is their ability to deliver almost all the cou-
pled light to the distal facet, in contrast to other turbid media. For this reason,
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the metric assessing the performance of the wavefront shaping procedure used
in this case was the ratio between the power in the focal spot compared to the to-
tal output power leaving the distal fibre facet. Using this power ratio (PR) allows
estimating the proportions of light contributing to a signal and to background
noise in a particular application.
The performance of both types of modulators was compared using two imple-
mentations of the wavefront shaping procedure, which differed on the choice of
spatial input modes (subdomains or truncated plane waves) and usage of an in-
ternal or external phase reference. In both cases, the results shown were obtained
from three consecutive runs of the optimisation procedure (TM measurements)
and 7× 7 diffraction-limited foci generated sequentially across a square grid at
the distal fibre facet.
Subdomain based optimisation Figure 2.4a shows the power ratio as a func-
tion of number of sampled modes resulting from the same subdomain based
wavefront optimisation method used in the previous two subsections. For both
types of SLM, the PR seems to start reaching saturation at around 4000 spa-
tial modes. Noticeably however, the PR is ≈10–15% higher for the DMD-based
measurements compared to those obtained with the LC-SLM, as well as shows
much smaller dispersion around the average values. As in the previously stud-
ied regimes, this is likely a consequence of the detrimental effects of scattering
from the liquid crystals in the LC-SLM, which are not present in the DMD. In
each measurement of the PR, when applying a spatially pre-shaped wavefront,
the portion of uncontrolled light within the acceptance angle of the fibre propa-
gates to the distal facet, giving rise to an uncontrollable background. It was not
possible to directly observe this effect in the previous two experiments, dealing
with the ballistic and highly-scattering regimes: in first case a normalised quality
metric was used and, therefore, the measurements obtained using the LC-SLM
and DMD cannot be compared in absolute values; in the latter, only a very small
amount of uncontrolled light reflected off the SLM reached the CCD detector.
Fourier-domain based optimisation The performance of the Fourier-domain
based wavefront optimisation method for both modulators is shown in Fig. 2.4b.
In both cases, the PR reaches a plateau at ≈1000 modes, from which point it in-
creases very slowly with the number of spatial modes controlled. This coincides
with the number of guided modes sustained by this multimode fibre per polarisa-
tion state – note that only one polarisation state was controlled in this experiment.
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FIGURE 2.4: Holographic beam-shaping in the intermediate regime:
focussing through a multimode fibre. Power ratio as a function of
optimisation time and number of spatial modes controlled for both
subdomain (a) and Fourier-domain (b) based approaches, for a LC-
SLM and a DMD.
Noticeably, this plateau in the PR was reached within approximately one tenth of
the optimisation time required by the subdomain based optimisation procedure.
Moreover, such improvement in optimisation time did not compromise the qual-
ity of the foci produced, as the maximum PR values measured were equivalent
with either basis of input spatial modes. As previously seen with the subdomain
based optimisation, also in the Fourier-domain based optimisation the DMD gen-
erated foci at the distal end of the MMF had PR up to 15% higher than those
produced using the LC-SLM. This is because, despite the higher signal-to-noise
ratio during the optimisation procedure, the LC-SLM still suffers from significant
uncontrolled scattering collected by the MMF which reduces the PR level.
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As before, increasing the number of phase sweeps in the interferometric mea-
surement of the TM significantly improves the quality of the wavefront shaping
procedure in case of the LC-SLM, especially before the PR reaches saturation,
whereas no differences are observed in case of the DMD.
2.6 Discussion
While LC-SLMs have been the standard choice in wavefront-shaping applications
for over a decade, and are still the most frequently used modulators in applica-
tions of complex photonics, alternative MEMS-based DMDs have started to in-
crease in popularity in the last few years. DMDs are usually chosen because of
their faster modulation rates, at the cost of modulation depth and overall diffrac-
tion efficiency.
This study showed that in the off-axis regime, despite the limited depth of
modulation, DMDs may outperform LC-SLMs not only in modulation rate but,
importantly, also in beam-shaping fidelity. One reason for their superior beam-
shaping performance is that DMDs do not suffer from the scattering affecting
LC-SLMs, which corrupts the optimisation procedures and contributes to uncon-
trollable background signals. This is particularly crucial when focussing light
through MMFs, where the LC-SLM based system could achieve a power ratio of
60% at the target focal point, whereas the DMD based system operating in an
identical regime reached a power ratio of 75%. In potential applications of this
technology to imaging, this translates to a direct improvement in image contrast.
Another inherent drawback of LC-SLMs is phase flicker, which decreases the
precision of the phase measurements during the optimisation procedure. Al-
though this effect can be averaged out by increasing sampling for each input
mode, this results in longer optimisation durations. Additionally, other possible
sources of quality loss, such as cross-talk between pixels, can be expected when
using LC-SLMs [82].
This study also showed that, when characterising a multimode fibre, using the
Fourier-domain based optimisation procedure in place of the subdomain-based
approach can decrease the optimisation time by one order of magnitude.
Due to their minimal modulation depth, DMDs offer reduced diffraction effi-
ciencies when compared to LC-SLMs. This translates into a smaller power effi-
ciency in off-axis implementations. Indeed, only 8% of the total power was found
in the first diffraction order when using the DMD, in contrast to 42% in the case
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of the LC-SLM. In many applications this can be compensated by increasing the
power of the laser source; however, there are cases where the photon budget can-
not be compromised, and the advantages of DMDs would not trade-off well.
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Chapter 3
High-resolution Focussing through a
High-NA Multimode Fibre
The ability of imaging and focussing through a multimode fibre (MMF) is limited
in resolution by its numerical aperture (NA), which sets the upper limit for the
spatial frequencies which are allowed to propagate through. Rather than merely
bringing an incremental improvement to the resolution of previously demon-
strated techniques such as raster-scanning imaging, increasing the available NA
has the potential to unlock a variety of other imaging modalities and biophoton-
ics techniques, such as optical tweezers, delivered through single-fibre probes.
This chapter introduces a new class of all-solid, high-NA MMFs, and describes
how they can be exploited for high-resolution focussing with unprecedented out-
put NA. Such fibres are, however, significantly affected by mode-dependent loss
(MDL) – i.e. difference in attenuation among the several waveguide modes –
which reduces the NA of the foci generated. A method for measuring the mode-
dependent transmission of the fibres is presented, as well as a strategy for redis-
tributing the optical power in the proximal far-field in such way as to maximise
the output NA at the distal fibre output.
The high-NA MMF introduced in this chapter was designed and manufac-
tured by Xin Jiang and Philip St.J. Russell at the Max Planck Institute for the
Science of Light (Erlangen, Germany).
The contributions from the author of this Thesis to the work presented in this
chapter consisted of: (i) designing and building the experimental setup, (ii) im-
plementation of the wavefront shaping algorithms, (iii) measurements of MDL
and implementation of the MDL-compensation methodology, and (iv) analysis
of the results.
The contents of this chapter form part of the following publication: I. T. Leite,
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S. Turtaev, X. Jiang, M. Šiler, A. Cuschieri, P. St. J. Russell, and T. Čižmár, Three-
dimensional holographic optical manipulation through a high-numerical-aperture soft-
glass multimode fibre, Nature Photonics 12(1), 33–39 (2018).
3.1 All-solid high-NA optical fibre
The vast majority of commercially available optical fibres are based on well es-
tablished designs and manufacturing technologies which have been developed
mainly for applications in telecommunications. However, attributes such as low-
cost and low-attenuation which are greatly appreciated for kilometre-scale net-
works are in general not beneficial for applications in micro-endoscopy – where
the length scales involved are in the order of centimetres – as they are generally
associated with unnecessarily large cladding dimensions and low NA. The NA of
fibres available commercially is typically limited to 0.3 for core diameters below
200 µm. Silica-core polymer-cladding large-mode-area fibres with core diameters
ranging from 200 µm up to 1500 µm are available with NAs as high as 0.5; in this
case, however, the number of guided modes far exceeds the number of spatial
modes controllable with the current technology for spatial light modulation.
The NA of standard MMFs can be enhanced by means of engineered termina-
tions. One approach is to combine the fibres with micro-fabricated optical compo-
nents, either mounted onto or directly fabricated at the fibre endface. Examples
include multi-lens micro-objectives around 100 µm in size manufactured by two-
photon direct laser writing [83], and 50 µm-sized parabolic reflectors produced by
two-photon polymerisation, which increased the ouput NA of a fibre from 0.22 to
approximately 0.93 [84]. The drawback of this approach is typically seen in the re-
sulting extended footprint of the fibre probe compared to the field of view where
the enhanced NA is obtainable. An alternative strategy consists in introducing
a highly-turbid layer to the distal facet of the MMF [85, 86]. Multiple scattering
events within the turbid medium facilitate the conversion of higher spatial fre-
quencies into lower order modes which are able to propagate in the MMF, thus
resulting in an enhancement of the effective output NA of the combined structure.
In such approach however, the increased amount of output modes significantly
outnumbers the input modes. This poses limits to the control of the output fields,
resulting in strong random background signals which interfere with the foci.
Another possibility is, of course, to devise alternative fibre designs which can
render high NAs. Air-clad fibres are a class of photonic-crystal fibres in which
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air holes surround a central solid core which is suspended by small “bridges”
or “webs” preventing the structure from collapsing. Owing to the high air-filling
fraction, the effective index of the cladding material can be made close to 1 which,
for a silica core (refractive index ≈1.45) should yield an NA of approximately 1
[87, 88]. In practice however, the NA of the fibre depends strongly on the width of
the bridges; if they are comparable to, or greater than, the wavelength, light will
be mostly confined to the silica bridges instead of the air holes, and the effective
index of the cladding will be close to that of silica, thus resulting in a low NA.
For instance, the fibres reported by Wadsworth et al. showed NAs in excess of 0.9
at the 1.5 µm wavelength, decreasing to 0.65 at 450 nm [87]. The bridges should
be less than five times smaller than the wavelength in order to reach the highest
possible NA values [88]. Such small bridge widths typically cause deficits in the
mechanical stability of the fibre structure, especially when designed to work in
the visible range [89]. Nevertheless, lensless focussing by means of wavefront
shaping through air-clad fibres has been shown in the visible spectrum (at the
633 nm wavelength) with output NAs up to 0.61 [90]. Such fibres may however
be inadequate for applications in biological scenarios because, in addition to their
fragility, changes to light propagation induced by liquids entering the hollow
fibre channels render such fibres unsuitable for use in aqueous environments.
Taking these trade-offs into account, the ideal candidate for in-vivo applica-
tions would be an all-solid, step-index MMF having a very high refractive index
contrast between the core and cladding materials capable of yielding a very-high
NA. The lowest refractive indices available in transparent materials are around
1.3 which, for a core of silica glass, yields a maximum NA of approximately
0.6 [87]. Non-silica based glasses, so-called “soft glasses”, are characterised by
lower melting and processing temperatures compared to silica and, importantly,
a wider range of refractive indices is available in this category of glass materials
[91, 92].
A step-index MMF from such compound “soft-glasses”, capable of offering
uniform high NA across the entire fibre core, was developed by collaborators at
the Max Planck Institute for the Science of Light. Two lead-silicate glasses having
remarkably different refractive indices comprise the core and cladding materials
(respectively, dense flint Schott SF57 and very-light flint Schott LLF1). The NA
of this fibre, estimated by Eq. (1.1) using the optical parameters of these glass
materials [93], exceeds the value of 1 at wavelengths below 620 nm and 0.96 at
1064 nm, as shown in Fig. 3.1. The fibre features a core diameter of 20 µm and at
1064 nm supports ≈1600 guided modes.
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FIGURE 3.1: Estimated numerical aperture of the soft-glass fibre in
the visible and near-infrared spectrum. The numerical aperture was
calculated by Eq. (1.1) using the refractive indices of the glass mate-
rials (core: Schott SF57, cladding: Schott LLF1) obtained from [93].
3.1.1 Fibre manufacturing
Fibre drawing
The step-index lead-silicate fibre had core and cladding formed from Schott SF57
and LLF1 glass respectively, with refractive indices 1.8117 and 1.5346 at 1064 nm,
resulting in an NA of 0.96 at this wavelength. The glass transformation temper-
atures (Tg, corresponding to a viscosity of ≈1012 Pa s) are 414 ◦C for SF57 and
431 ◦C for LLF1, and for successful fibre drawing it is crucial that the furnace
temperature is chosen such that the viscosity of the “harder” cladding glass lies
in the range 105 Pa s to 106 Pa s. The fibre preform was prepared by a multi-step
rod-in-tube process, and the fibre was drawn at ≈725 ◦C, corresponding to the
viscosity of 105.7 Pa s for the LLF1 glass, and 103.4 Pa s for the SF57 glass. The fibre
drawing was carried out following the procedure developed for photonic crystal
fibres [94, 95], including a custom-designed heating element to provide a highly
uniform temperature distribution around the preform. During drawing, the end-
face of the preform was connected to a vacuum pump so as to close the gaps
between the rod and jacket tube. An outer UV-cured polymer coating increases
the mechanical robustness of the fibre. Figure 3.2a shows a scanning electron
micrograph (SEM) of the final fibre structure.
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FIGURE 3.2: All-solid step-index multimode fibre based on com-
pound “soft glasses”. a, SEM image of the fibre endface. The diam-
eters of the core and cladding are 20 µm and 125 µm, respectively.
b, Micrograph of a post-processed fibre probe where the cladding
thickness has been reduced to 35 µm (at the tip) by side-polishing.
Post-processing of the fibre probes
To reduce the lateral instrument footprint, the fibres were post-processed into a
flat-cone termination, as shown in Fig. 3.2b, where the cladding thickness was
reduced from 125 µm to 35 µm at the tip. The fibres were held by a fibre clamp
(Thorlabs SM1F1-250) fixed onto a stepper motor allowing for rotation (≈5 rpm)
around their axis. An xy-translation mount (Thorlabs CXY1) is used for the fine
adjustment correcting for eccentricity in the rotation. A fibre polishing sheet
(Thorlabs LF3D) has been cut into the circular shape with 4 cm-diameter and
fixed onto a fast-rotating stage (≈500 rpm). The rotating polishing sheet was then
brought into contact with the fibre under a grazing angle (≈5◦) to polish out the
cladding. A low-magnification microscope objective together with a tube lens
and a CCD camera were used to monitor the fibre post-processing in real time.
3.2 Mode-dependent loss
Attenuation, or transmission loss, in an optical fibre is caused primarily by both
scattering and material absorption, and can in most cases by accounted for by
an imaginary component in the (now, complex) propagation constants β̃lm =
βlm + iαlm, with αlm designated as the attenuation coefficient. Here, the mode in-
dices l, m are included because, in general, not all waveguide modes in an MMF
experience the same degree of attenuation, an effect known as mode-dependent
loss (MDL) [88, 96]. On the one hand, higher-order modes travel effectively
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FIGURE 3.3: Mode-dependent loss in multimode fibres. a, The pres-
ence of mode-dependent loss (MDL) in multimode fibres (MMFs)
preferentially attenuates the higher-order waveguide modes, which
carry the higher transverse spatial frequencies. b, The MDL can
be pre-compensated in the proximal far-field so as to equalize the
power spectrum in the distal far-field.
longer in the fibre, and are therefore subjected to higher material absorption. On
the other hand, inhomogeneities or impurities in the core or cladding acting as
scattering centres can interact differently with distinct mode distributions and
also give rise to loss.
In highly multimode fibres, the waveguide modes can be grouped into fam-
ilies having similar propagation constants, mode groups, that do not exchange
power among each other. Even in deformed fibres, intermodal coupling occurs
predominantly within each mode group, not between mode groups, which pre-
serves the identity of each mode group during propagation. In step-index MMFs,
each mode group occupies a different annular zone in the proximal far-field and,
due to the propagation invariance and absence of coupling, it will also be found
at the same annular zone at the distal far-field after leaving the fibre. Due to
MDL, those mode groups with smaller propagation constants (thus, carrying the
higher transverse spatial frequencies) experience higher loss. The resulting non-
uniformity in the distal far-field thus impairs the full exploitation of the available
NA, as illustrated in Fig. 3.3a. Owing to the preservation of mode group iden-
tity upon propagation through the MMF, this limitation can be tackled by redis-
tributing the power in the proximal far-field (intensifying the higher-order mode
groups) in such a way as to achieve a uniform power distribution in the distal
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far-field, as depicted in Fig. 3.3b, and thus harness the full NA of the fibre.
3.3 Methods
The experimental system was designed to exploit the high-NA MMF introduced
above in Section 3.1, which was significantly affected by MDL. In conventional
designs, as that shown in Fig. 2.1 (configuration 3), the SLM is relayed onto the
back focal plane of the coupling objective, i.e. a plane conjugate to the proximal
far-field. The only way to achieve the power distribution required to compen-
sate for the MDL in this arrangement would be to discard the excessive power
in the central zones, which would be associated with a significant power loss.
Thus, the design used projected the SLM onto the fibre facet, as by altering the
spatial content of the holographic modulation in this arrangement it is possible
to redistribute the power at will between the central and peripheral zones of the
proximal far-field without incurring in such prohibiting power loss.
This system employed a LC-SLM for the holographic modulations, as a high
power efficiency was critical for the experiments detailed in the following Chap-
ters 4 and 5.
3.3.1 Experimental layout
The experimental setup used in these experiments is depicted schematically in
Fig. 3.4. It consisted of two decoupled parts, the first dividing the laser beam into
a signal and a reference beams and coupling them into single-mode polarisation-
maintaining fibres (PMF1 and PMF2, respectively). Besides carrying the signal
and reference beams to the main subset of the system, PMF1 and PMF2 served
also as Gaussian spatial filters.
Lenses L1 and L2 formed a telescope to demagnify the size of the beam orig-
inating from the laser source (IPG Photonics YLR-10-1064-LP-SF, 1.064 µm wave-
length, continuous-wave Yb fibre laser), and half-wave plate HWP1 aligned its
polarisation with the polarisation axis of the Faraday optical isolator OI. Half-
wave plate HWP2 together with polarising beamsplitter cube PBS1 allowed con-
trolling the total amount of power propagating in the optical system (the excess
power was diverted towards beam block BB), whereas half-wave plate HWP3
and polarising beamsplitter cube PBS2 allowed adjusting the power ratio be-
tween the signal and reference beams, which were coupled into PMF1 and PMF2
via aspheric lenses L3 and L4, respectively.
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FIGURE 3.4: Experimental setup for high-resolution focussing
through a multimode fibre.
The signal beam leaving PMF1 was collimated and expanded by lens L5 to
overfill the liquid-crystal spatial light modulator SLM (BNS HSPDM512-800-
1064) under a small angle of incidence. Half-wave plate HWP4 was used to
align the polarisation of the signal beam with the polarisation axis of the SLM.
Aperture APT1, placed in the far-field of the SLM, isolated the first diffraction
order while blocking the remaining. Lenses L6 and L7 were placed in a 4 f
configuration and imaged the first diffraction order of the holograms generated
at the SLM onto dielectric mirror M1. Lens L8 and oil-immersion microscope
objective MO1 (Olympus UPlanFL, 100×, 1.30 NA) were also placed in a 4 f
configuration and further relayed the holograms from M1 to the input facet of the
multimode fibre MMF. The combination of L6, L7, L8 and MO1 chosen ensured
the necessary demagnification (370×) of the phase holograms such that their
image size matched the dimensions of the MMF core. M1, being conveniently
placed in a plane conjugate to the input fibre facet, served as a steering mirror to
finely adjust normal incidence onto MMF.
The distal end of the MMF was immersed in a water droplet held by a custom-
made cuvette which was in contact with water-immersion microscope objective
MO2 (Olympus UPLSAPO60xW, 60×, 1.20 NA) through a water-index-matching
medium. MO2 in combination with tube lens L9 imaged the MMF output facet
(or, in general, any desired calibration plane at a given distance from the endface)
onto camera CCD1 (Basler piA640-210gm) with a magnification of 67×. MO2
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was mounted on a piezo nanopositioner (Mad City Labs Nano-F100) allowing a
precise focussing adjustment.
Quarter-wave plates QWP1 and QWP2 were used to convert the polarisation
state of the signal beam from linear-to-circular and circular-to-linear, respectively,
as circularly-polarised modes are shown to be better preserved upon propagation
in MMFs [38].
Non-polarising beamsplitter cube BS combined the signal and reference
beams at CCD1 for the interferometric measurement of the transmission matrix.
Half-wave plate HWP5 was used to align the polarisations of the signal and
reference beams.
3.3.2 Holographic methods
Measurement of the transmission matrix The transmission matrix was mea-
sured using the procedure introduced in Subsection 2.4.1, choosing a set of 38×
38 truncated plane waves as the basis of input modes (Fourier-domain based ap-
proach, Subsection 2.4.3). The output modes were heavily oversampled, con-
sisting of a square grid of 100× 100 points at the calibration plane which were
conjugate to individual pixels in the CCD detector. For each input mode, the in-
terferometric response was sampled in steps of π/2 over two full phase cycles, i.e.
δφ = π/2 and n = 8 in Eq. (2.5).
Measuring the mode-dependent loss Due to the strong MDL inherent to the
MMF used, different mode-groups (i.e. waveguide modes having similar prop-
agation constants) experience distinct degrees of attenuation upon propagation.
This translates into a non-uniform power distribution in the spectrum of the out-
put modes which limits the available NA, as illustrated schematically in Fig. 3.3.
In order to pre-compensate the MDL all input plane-wave modes, labelled as
(k, l), were sequentially coupled into the fibre, and the output power at the CCD
for each one of them was integrated. This allowed measuring the intensity map
Ik,l, which has been normalised to the maximum value, containing the informa-
tion of the optical transmittance of the different mode groups. Figure 3.5 shows
the azimuthally-averaged intensity distribution Ik,l for different fibre lengths, as a
function of the normalised spatial frequency n sin θ = kt/k0, where kt =
√
k2x + k2y
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FIGURE 3.5: Measurements of the mode-dependent transmission.
Azimuthally averaged measurements of the mode-dependent trans-
mission for fibre segments of varying length, from 50 mm to 150 mm.
The inset figures show normalized measurements of the spatial-
frequency dependent intensity for fibres with length 50 mm (top-
right) and 150 mm (bottom-left).
is the transverse component of the wave-vector and k0 = 2π/λ its in vacuo mag-
nitude. The insets in Fig. 3.5 display the mode-dependent transmission Ik,l mea-
sured for the longest and shortest fibres (150 mm and 50 mm long), as a function
of the normalised spatial frequencies qx,y = kx,y/k0.
Generating a single diffraction-limited focus Upon measurement of the trans-
mission matrix tk,lu′,v′ , where k and l are the positions indices in Fourier space of the
input modes (k, l = −19, . . . , 18) and u and v are the position indices of the out-
put modes in the calibration plane (u, v = 1, . . . , 100), a single diffraction-limited
focus can be generated at a particular position (u′, v′) by applying to the LC-
SLM the phase-only modulation given by Eqs. (2.11) and (2.12). The fact that
a phase-only modulation is used instead of the measured complex modulation
(i.e. amplitude and phase) results in a noisy background, as only π/4 ' 78.5% of
the output power can be controlled in this manner [27]. On the other hand, the
implementation of amplitude modulation would involve further power loss and
decrease the overall efficiency, thus reducing the available output power.
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To pre-compensate the MDL, this design of the system allows to perform spec-
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in place of Eq. (2.11).
3.3.3 Calibration of the imaging pathway
In order to characterise the focussing ability, it is necessary to accurately deter-
mine the size of the generated foci, which requires knowledge of the magnifica-
tion of the imaging pathway. The microscope objective lens used (Olympus UP-
LSAPO60xW, 3 mm focal length) together with the chosen tube lens (200 mm focal
length) should yield a magnification of 67×. However, its actual value might dif-
fer from this, possibly owing to small differences from the nominal values in the
focal lengths, but especially due to the fact that the wavelength used (1064 nm)
might lie outside the designed working spectrum of the microscope objective.
The actual magnification was calibrated using a negative 1951 USAF resolu-
tion target. Each element of this resolution chart is composed of vertical or hori-
zontal bars, with widths equal to their separation. Images of several groups of the
target were recorded using the imaging pathway of the system, and those with
vertical bars were fitted to:






erf (b [(x− [x0 + mw]) cos α + y sin α]) + c (3.2)
where erf() is the error function, x and y are the image coordinates (in pixel units),
and a, b, c, α, x0 and w are the free parameters of the fitted surface. In particular,
w corresponds to the line width and separation (in pixel units) of the projected
image of the element onto the CCD detector. Elements with horizontal bars were
fitted to a surface given by an analogous expression by replacing x ↔ y.
Figure 3.6 plots the actual line separation (in line pairs per mm) of each el-
ement of the resolution target against their corresponding line separation mea-
sured at the CCD detector. The magnification of the imaging pathway, given by
the slope of the linear fit, was estimated as 65.7± 0.5 with a 95% confidence in-
terval.
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FIGURE 3.6: Calibration of the imaging pathway. Actual size of the
elements of the 1951 USAF resolution target, in lines per millimetre
(lp/mm), versus the size of their corresponding image at the CCD
detector. The magnification is given by the slope of the fitted line,
which is 65.7± 0.5 (with a 95% confidence interval).
3.4 Results
To assess the achievable NA of the system as well as the impact of the MDL com-
pensation, 91 focal-point (FP) modes were sequentially generated across the dis-
tal fibre facet for each measurement of the TM (Fig. 3.8a). The procedure was
repeated for several TM measurements and for varying length of the same fibre
segment which was successively re-cleaved to reduce its size in increments of
25 mm.
Since the intensity distribution of each FP mode spanned over the 8-bit dy-
namic range of the CCD camera, three images were taken for each FP mode with
exposure times of 0.1 ms, 1 ms, and 10 ms (Fig. 3.7a) in order to reconstruct its in-
tensity distribution I(x, y), where x and y denote the Cartesian coordinates of the
image in pixel units. One of such intensity distributions is shown in Fig. 3.7b,c,
prior and after MDL compensation. The FP mode shown was generated at a ra-
dial distance 2.25 µm (from the fibre axis) and distance 2.0 µm from the fibre facet,
through a 50 mm long fibre. Each intensity distribution I(x, y) is fitted to a 2-D
Airy disk distribution:
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FIGURE 3.7: High-resolution focussing through a multimode fibre.
a, Three images taken with different exposure times (0.1 ms, 1 ms,
and 10 ms) for reconstructing the intensity profile of the focal-point
(FP) mode. b,c, Transverse intensity profile of a FP mode, with and
without MDL compensation, and comparison of the azimuthally-
averaged intensity profile with the fitted Airy disk intensity distri-
bution. The NA of the FP mode is enhanced from 0.82± 0.01 (prior
to MDL compensation) up to 0.91± 0.01 (after MDL compensation).
d, Longitudinal profile of the intensity distribution of the same FP
mode. e, Ellipsoid fitted to the level surface with intensity corre-
sponding to 1/e of the maximum value. The fibre length was 50 mm.
where J1 is the Bessel function of the first kind of order one, and
ρ =
√
(x− c)2 + (y− d)2
e
, (3.4)
with a, b, c, d, and e being free parameters (a measures the amplitude, b the av-
erage speckle background, c and d the Cartesian coordinates of the centre of the
distribution, and e its width). In Fig. 3.7b,c, the fitted distribution f (x, y) is also
compared with the azimuthally averaged I(x, y). With the knowledge of the pixel
size in the CCD (7.4 µm) and the calibrated magnification of the imaging pathway
(65.7×), the diameter of the Airy disk, taken as first-zero-ring in Eq. (3.3), can be
estimated as dAiry = 2 · 3.8317 · 7.4 µm · e/65.7. The corresponding effective NA
can then be retrieved as NA = 1.22λ/dAiry, where λ is the wavelength in free space
(1064 nm).
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FIGURE 3.8: Influence of MDL compensation on focussing through
a high-NA multimode fibre. a, Summed image of 91 points sequen-
tially created across the distal fibre facet. b, Influence of the MDL
compensation on the Airy disk diameter, effective NA, power ratio,
and enhancement for varying length of the MMF.
By scanning the imaging objective axially in steps of 100 nm, it was possible
to reconstruct the 3-D intensity profile of the FP mode shown in Fig. 3.7b,c. Fig-
ure 3.7d shows the longitudinal profile of this FP mode, where the spot size in the
axial direction is approximately 3.8 times larger than its lateral dimension, both
with and without MDL compensation. Figure 3.7e shows the 3-D structure of this
FP mode as an ellipsoid fitted to the level surface corresponding to 1/e ' 0.37 of
the maximum intensity.
In addition to the achievable NA, which determines the volumetric confine-
ment of light, other parameters quantifying the uncontrolled background are also
important in view of proposed applications. The power ratio (PR) is the fraction
of total output power at the distal fibre facet which is contained in the FP mode,
and can be estimated as PR = ∑x,y[ f (x, y)− b]/ ∑x,y I(x, y). The enhancement, de-
fined as the ratio between the maximum intensity of the generated FP mode and
the average speckle background, can be calculated as η = a+b/b ' a/b. Figure 3.8b
summarises the results of this study, showing the focus diameter (defined as the
first zero-ring in the Airy disk), effective NA, power ratio, and enhancement for
each fibre length tested. The MDL-compensation increased the NA in average by
0.09. However, the ability to generate FP modes with higher NA decreases with
increasing fibre lengths. As the optical loss grows exponentially with the fibre
length, the transmitted power by the higher-order mode groups becomes compa-
rable to the noise level in case of the longer fibres. This translates into increas-
ingly larger errors in the measurement of the MDL, thus limiting the efficiency of
the compensation for the higher spatial frequencies which leads to a decreasing
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available NA with increasing fibre length. The power ratio across all fibre lengths
is around (33± 4)% with and (37± 5%) without MDL compensation. The the-
oretical limit for the power ratio in the case of phase-only modulation is shown
to be π/4 ' 78.5% [27]. However, in the presence of complete polarisation mix-
ing, and if only one polarisation state is controlled (as in this case) this value is
further reduced by half, being π/8 ' 39.3% – a value in good agreement with the
experiments.
3.5 Discussion
The generation of high-NA, diffraction-limited foci is of great importance in the
field of holographic micro-endoscopy exploiting MMFs, not just to further in-
crease the attainable resolution of previously demonstrated imaging modalities,
but also as the enabling principle for other techniques relying on high-NA foci
with low aberrations, such as optical tweezers. Efforts in this direction have taken
place over the past few years, by means of alternative fibre terminations as well
as air-clad photonic-crystal fibres.
In this chapter, a new class of all-solid, step-index MMFs based on compound
“soft-glasses”, together with the system design and methodologies introduced,
allowed generating foci with unprecendented output NAs. The system design
differs from standard geometries by making use of immersion layers in the light
coupling to the fibre, as well as relaying the holograms generated at the SLM di-
rectly onto the input fibre facet. This allowed implementing a set of holographic
approaches to compensate for the strong MDL inherent to the new fibre type and
harness the available NA almost completely. The focussing ability of the sys-
tem reaches NAs exceeding 0.80 for 100 mm-long fibres, and up to 0.88 ± 0.04
through 20 mm-long fibres, an increase of ≈0.27 with respect to the highest value
previously reported in the literature. Using Rayleigh’s criterion for defining the
spatial resolution (i.e. the radius of the first dark ring of the Airy disk), this corre-
sponds to a resolution limit of 0.74± 0.04 µm at the 1064 nm wavelength. Using
shorter wavelengths can further increase the resolution, not just because the reso-
lution limit scales inversely with the wavelength, but also because the NA of this
MMF is increased in the visible region of the spectrum, reaching values up to 1.1
at 400 nm. It is worth noting, however, that the number of guided modes sup-
ported by the MMF increases substantially for shorter wavelengths, making the
measurement of the TM more challenging. At 400 nm, the same fibre supports
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approximately 15 000 modes, i.e. about 10 times the number of modes compared
to the 1064 nm wavelength. Accordingly, the size of the TM is increased by 102,
making its measurement impractical using the LC-SLM used here. This could, in
principle, be circumvented by using the alternative MEMS-based technology of
light modulators, DMDs, which are capable of reaching modulations speeds two
orders of magnitude higher.
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Chapter 4
3D Holographic Optical Tweezers
through a Multimode Fibre
The previous chapter described how to generate high-NA focussed light outputs
through a high-NA multimode fibre. In this chapter, such capability is exploited
to demonstrate three-dimensional optical confinement and manipulation of small
dielectric objects at the micrometre scale by means of holographic optical tweez-
ers (HOT) delivered through the fibres.
The methodology and results of modelling the stability of the optical traps
presented in this chapter are based on simulations by Martin Šiler, Institute of
Scientific Instruments (Brno, Czechia).
The contributions from the author of this Thesis to the work presented in this
chapter consisted of: (i) assessment of the working distance of fibre-based optical
tweezers, (ii) implementation of the modifications to the experimental setup, (iii)
implementation of the holographic methods for optical manipulation, and (iv)
performing the demonstrations of optical manipulation of complex 3D arrange-
ments of microparticles and of optical manipulation within hardly-accessible en-
vironments.
The contents of this chapter form part of the following publication: I. T. Leite,
S. Turtaev, X. Jiang, M. Šiler, A. Cuschieri, P. St. J. Russell, and T. Čižmár, Three-
dimensional holographic optical manipulation through a high-numerical-aperture soft-
glass multimode fibre, Nature Photonics 12(1), 33–39 (2018).
4.1 Stability of the optical tweezers
In order to confirm whether the high-NA foci would be sufficient to allow opti-
cal confinement of dieletric microparticles, the following approach was used to
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assess the minimum NA required for stable trapping.
An angular spectrum decomposition was used to describe the intensity pro-
file close to the beam focus. The angular spectrum description of light focusing
through an objective lens corresponds to the Debye approximation of the diffrac-
tion of a convergent spherical wave on a circular aperture [97, 98]. The compo-
nents of the electric field vector polarised along the x axis are given by:






























A(θ) sin θ (1− cos θ) J2(kr sin θ) exp(ikz cos θ)dθ, (4.6)
and r =
√
x2 + y2 denotes the radial distance from the optical axis z, k = 2πn/λ
is the wave vector (n being refractive index of surrounding medium and λ vac-
uum wavelength of the trapping beam), and θmax is the angular aperture of the
focusing optics which is connected to the fibre numerical aperture by NAfibre =
n sin θmax. Furthermore, Jν denotes the Bessel function of the first kind and ν-th





The constant A0 corresponds to the focusing of a plane wave; however, as the
energy distribution of the beam is not uniform over all angles, an apodization
function was employed, parametrised by the filling factor f0 [98], i.e.









The circularly polarised beam was realised by the interference of two beams that
are linearly polarised along the x and y axes with a mutual phase shift of π/2. A0
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FIGURE 4.1: Kramers time of residence of a 1.5 µm-diameter silica
particle in the optical trap as a function of trap effective NA, for a
trapping power of 1 mW. The dashed portion of the curve depicts
the region in effective NA where τK < 1 s and the black dashed line
marks 1 h limit. The inset figure shows the effective NA as a function
of filling factor f0.
is obtained from the beam power. The Airy disk diameter was determined for a
wide range of f0 using the procedure described previously in Section 3.4, and the
effective NA obtained as a function of the filling factor, as shown in the inset of
Fig. 4.1.
The next step was the calculation of the optical force, F, acting on a silica bead
(nsilica = 1.45, 1.57 µm diameter) immersed in water and placed into various axial
locations, z. This allowed confirming the existence of a trapping location as well
as estimating the trap stiffness κ = −∂F/∂z and the depth of the potential well
∆U. No trapping location existed for filling factors f0 < 0.4, which corresponds
to effective NAs smaller than 0.6. The long term time stability of the optical trap










where β is the hydrodynamic drag, κ the trap stiffness, κedge the stiffness (force
differential) at the trap edge and kB and T the Boltzmann constant and thermo-
dynamic temperature. Figure 4.1 shows the Kramers time as a function of the
effective NA for a trapping power of 1 mW. For low NAs (under 0.74) the trap-
ping depth was quite shallow and the particle escapes the trapping region by
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Brownian motion in less than 1 s, highlighted as a dashed curve in Fig. 4.1. Ad-
ditionally, the black dashed line marks the Kramers time of 1 h, the lower limit
when it was considered that the optical confinement was stable enough to per-
form long-term observations of trapped objects, which corresponds to effective
NAs larger than 0.80.
4.2 Working distance
The size of distal focal-point (FP) modes generated at the fibre facet is limited
by the NA of the fibre. As seen in the previous chapter, the presence of mode-
dependent loss (MDL) can reduce the effective NA of such foci, but by redis-
tributing the power in the spectrum of input modes it is possible to compensate
for this detrimental effect. Nevertheless, the effective NA of distal FP modes also
depends on the location (both axial and transversal) where they are to be gen-
erated. If the calibration plane, for which the wavefront shaping procedure is
perfomed, is set away from the distal fibre facet by a certain working distance,
the accessible field-of-view increases, while the effective NA decreases [23, 30].
This trade-off can be understood considering that, regardless of the location of
the calibration plane, the amount of spatial information that can be conveyed by
the fibre (connected to the number of guided modes it sustains) remains the same.
The effective NA of FP modes in front of the fibre facet can be estimated under
the ray-optics approximation, considering a highly multimode fibre (i.e. having a
large v-number) with a core much larger than the wavelength. The collection ef-
ficiency of a point source is thus determined by the intersection of the acceptance
cone of the fibre with the spherical sector by which the fibre core is seen from that
point. Choosing the origin (r, z) = (0, 0) of the coordinate system at the centre of
the fibre facet, the effective output NA is given by:






where α1 and α2 are the angles of the optical rays from a given point in space
(r, z) to the edges of the fibre core (r, z) = (a, 0) and (r, z) = (−a, 0), measured















, r ≥ a
(4.11)
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FIGURE 4.2: Numerical aperture of distal focused spot modes at
varying working distances. The lower plot shows the evolution of
the NA along the optical axis and the series of dark subplots illus-















, r ≥ −a
(4.12)
where it is taken into account that incidence angles α1 and α2 exceeding in mag-
nitude the acceptance angle αmax = sin−1 (NAfibre/n) are not coupled into the fibre.
Figure 4.2 shows the available NA in front of the output fibre endface, esti-
mated in the ray-optics approximation using the parameters NAfibre = 0.96 and
core radius a = 10 µm for the fibre and n = 1.333 (water) for the refractive index
of the surrounding medium.
The lower plot shows the evolution of the on-axis NA with increasing distance
z from the fibre endface, given by:









which is constant with the value NAfibre up to the distance a/tan αmax and decreases
as na/z at large axial distances (z a).
The available NA reaches the maximum value dictated by the fibre within
the conical volume in front of distal fibre endface with base coinciding with the
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fibre core and apex on the optical axis at a distance of approximately 10 µm from
the fibre. Accordingly, the volume of maximum NA is approximately 1000 µm3.
The trapping experiments were performed with the calibration plane located at a
distance z ' 4 µm from the fibre facet (represented in Fig. 4.2 by the left-most NA
axial profile) to allow for access of the particles as well as depth of manipulation
in the axial direction. At this working distance, the region of maximum NA is
approximately 12 µm in diameter.
4.3 Methods
4.3.1 Experimental setup
The experimental system detailed in Subsection 3.3.1 was modified to allow an
improved control over the power of the trapping beam, as well as to include a
side-view imaging pathway. The resulting experimental setup is illustrated in
Fig. 4.3.
A portion of the signal beam was diverted by nonpolarising beamsplitter cube
BS towards a power detector PD, allowing to assess the optical power leaving
the MMF. This required calibrating the transmittance of both BS and microscope
objective MO2 at the 1064 nm wavelength.
Half-wave variable retarder HWVR was used to control the amount of power
in the trap site (in closed-loop with feedback from PD), as it allowed introduc-
ing in the signal beam a polarisation component orthogonal to the polarisation
axis of the LC-SLM with variable amplitude, whose power remained in the zero
diffraction order and was thus filtered out by aperture APT1.
Dichroic mirror DCM placed in the optical path allowed coupling incoherent
light from LED source LED1 into the fibre to provide uniform illumination on the
trapped objects for en face imaging by CCD1. Short-pass filter SPF1 was placed
to block the trapping beam. Lens L11 imaged aperture APT2 onto the back-focal
plane of microscope objective MO1.
LED source LED2, lenses L12 and L13, diffuser DIFF, and aperture APT3 com-
prised a pseudo-Köhler illumination for side-view imaging by lens L14 onto cam-
era detector CCD2. Short-pass filter SPF2 was used to filter-out scattered light
from the trapping beam.
The trapping experiments were performed inside a water-filled sample
cuvette manufactured in-house from microscope coverslips (thickness #1.5,
0.17 mm), as depicted in the inset of Fig. 4.3. In addition to supporting the
































































FIGURE 4.3: Experimental setup for holographic optical manipula-
tion through a multimode fibre, including a side-view imaging path-
way.
water droplet, the cuvette provided three flat surfaces, one in contact with
microscope objective MO2 through a water-index-matching immersion layer,
and the remaining two for side-view illumination and imaging. The cuvette was
open on the top and on the side opposite to MO2 to facilitate access of the fibre.
Additionally, the cuvette was held by a three-axis micrometre translation stage
allowing its relative motion with respect to the fibre, whose position remained
fixed.
The fibre segment used was approximately 65 mm in length. Based on the
results shown in Fig. 3.8, such length should guarantee an effective output NA
greater than the 0.80 value required for stable optical confinement (Section 4.1),
provided MDL compensation is applied.
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4.3.2 Holographic methods
Simultaneous generation of multiple tweezers
Trapping and manipulating assemblies of particles by optical tweezers requires
generating multiple trap sites simultaneously [54, 100], or beam-steering between
the multiple locations at rates typically greater than ≈10 kHz, e.g. by employing
acousto-optic deflectors [101].
The generation of multiple diffraction-limited foci simultaneously at the out-
put positions (uq, vq), where q = 1, . . . , N is the index of each output mode (N
is the total number of output foci), can be achived by appling to the LC-SLM
the phase-only information of the complex superposition of the complex modu-
lations [27], i.e.:











with huq,vq obtained from Eq. (3.1), which includes MDL compensation, and aq
are the required intensity contributions for the composition of output modes.
Relocation of the optical tweezers
Lateral displacement of trap sites The basis of output modes formed a square
grid of diffraction-limited foci separated by ≈0.23 µm. Since this separation was
much smaller than the spot size of the foci (1/e2 diameter greater than 1 µm),
by switching between the phase-only modulations at the LC-SLM generating
two consecutive calibrated sites, i.e. from (u′, v′) to (u′ ± 1, v′) or (u′, v′ ± 1), a
trapped particle remained confined in the new location. In this way, a trapped
particle could be displaced laterally to any calibrated location by sequentially
generating all calibrated foci between the initial and final positions. Naturally,
assemblies of particles confined by multiple tweezers could also be displaced in-
dependently and at the same time by sequentially applying phase-only modula-
tions given by (4.14) to the LC-SLM, with each complex modulation huq,vq being
sequentially replaced by huq±1,vq or huq,vq±1.
Axial control of generated foci Owing to the remarkable cylindrical symmetry
of fibre-optic waveguides, the longitudinal component of the wavevector (i.e. the
propagation constant) is very well conserved through the fibre (axial memory
effect) [23]. Thus, a quadratic phase added to the spatial spectrum of the input
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modes is preserved and, therefore, found in the spatial spectrum of the output
modes, resulting in a defocus and axial displacement of the diffraction-limited
foci. A given output focus located at (u′, v′) can thus be repositioned axially by
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where b is a scalar whose magnitude gives the amount of defocussing, and whose
sign defines the direction of defocussing (b > 0 produces a negative defocus, to-
wards the fibre facet, while b < 0 gives rise to a positive defocus away from the
fibre facet). More generally, when generating multiple output FP modes simul-
taneously, while also pre-compensating the MDL, a defocus could be applied to
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which, in combination with Eq. (4.14), resulted in the independent axial reloca-
tion of the multiple optical tweezers generated simultaneously.
4.3.3 Optical trapping procedures
The optical trapping experiments started with placing a segment of the MMF into
the optical pathway, which is detailed in Fig 4.3. The first diffraction order signal
of holographically modulated laser light was isolated in the proximal far-field
plane and relayed through an oil-immersion medium into the proximal end of
the fibre. A water-filled custom-made cuvette composed from 170 µm thick cov-
erslips (inset of Fig. 4.3) was mounted in the system to immerse the distal end
into the liquid. Water-immersion microscope objective MO2 was translated to-
wards the cuvette from the opposite side with a water-index-matching medium
being applied in-between the cuvette-objective interface. The optical signal leav-
ing the objective’s back aperture was further imaged on a CCD using a tube lens.
With this configuration, the MDL and TM were measured by employing the holo-
graphic methods detailed in Subsection 3.3.2. A suspension of silica microspheres
(Duke StandardsTM, 1.57± 0.02 µm diameter) was pipetted into the cuvette and
let diffuse within the water medium. For the following procedures, the trapping
wavelength was blocked using a dielectric short-pass filter and incoherent illu-
mination of the sample was provided by an LED at a visible wavelength. For
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the en face view, the illumination signal was delivered through the high-NA fibre
(and the proximal microscope objective MO1), whereas for the side-view a stand-
alone Köhler illumination pathway was provided. In all cases when the side-view
imaging pathway was used, the water-immersion objective was displaced away
from the cuvette to allow sufficient space for the side-view imaging lens L14. A
single optical trap or an assembly of traps was generated via computer-controlled
SLM modulation which, based on the en face view or side-view camera-feedback,
was permanently adjusted manually from a LabView-based interface in order to
confine the corresponding amount of particles diffusing into the vicinity of the
distal end of the high-NA fibre.
To demonstrate holographic manipulation within complex, hardly-accessible
environments, a semi-opaque cavity was mounted on a lateral wall of the custom-
made cuvette. The particles were first trapped using the en face imaging pathway,
and the cuvette containing the cavity was then manipulated with respect to the
distal fibre end by a manual 3-D positioning stage.
4.4 Results
4.4.1 Trapping and manipulation of complex particle arrange-
ments
The technique allowed both simultaneous generation of multiple trap sites and
independent control of their position in all three dimensions. Figure 4.4a shows
the en face view of nine silica particles trapped in a square-grid arrangement in
front of the fibre endface. Incoherent light for illumination was delivered to the
scene also by the fibre core, which is visible as a blurred bright disk in the back-
ground. The tilt and skew control of the particle array and the consequent change
in axial distance from the fibre facet manifests as a change in brightness of the
trapped particles.
In Fig. 4.4b, the three-dimensional dynamic control of the optical tweezers
is demonstrated by trapping eight particles simultaneously in a rotating cube
arrangement. The images show snapshots of a video recording of the rotating
structure (full video available as Supplementary Video 1 at [102]).
Chapter 4. 3D Holographic Optical Tweezers through a Multimode Fibre 57
FIGURE 4.4: Multiple holographic tweezers trapping and manipula-
tion of (a) nine particles in a square-grid arrangement and (b) eight
particles forming a rotating three-dimensional cube. The difference
in appearance among the particles arises from their varying axial
positions relative to the focal plane of the imaging microscope ob-
jective (particles appearing “brighter” are at a greater distance from
the fibre endface). Incoherent light for illumination is also delivered
through the fibre core, which is visible as the blurred disk in the
background. Scale bars, 5 µm.
4.4.2 Optical manipulation inside complex environments
Having a lateral footprint of 35 µm, the fibre-based HOT could allow access to
optically inaccessible cavities through small channels. To verify this, a small
semi-opaque tube of roughly polished poly(methylmethacrylate) (PMMA) with
an open channel ≈125 µm wide was employed. Figure 4.5 shows side-view im-
ages of simultaneous optical manipulation of two particles, recorded while the fi-
bre was inserted into the tube (see also Supplementary Video 4 available at [102]).
4.4.3 Resilience to fibre bending
In practical applications of HOT delivered in vivo by a MMF, a certain degree of
bending may be unavoidable, for instance due to mechanical stress induced by
the surrounding tissue or to the dynamic nature of living specimens (e.g. due to
breathing, heart beating, etc.). To demonstrate the HOT’s resilience to bending of
the fibre, an experiment was conducted in which a 65 mm long fibre was subject
to bending while trapping a silica microsphere. The bending occured in the un-
held distal segment of the fibre (≈15 mm long) by means of a controlled pressure
applied near the fibre endface by a motorised stage moving upwards, as depicted
in Fig. 4.6. Notably, the particle remained confined by the HOT even when the
fibre endface was translated by 2 mm, the maximum allowed by the conditions
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FIGURE 4.5: Optical manipulation of two particles inside a turbid
cavity comprising a complex, hard-to-access environment. Scale
bars, 10 µm.
of the experiment, thus inducing a radius of curvature of 5 cm. The full video
recording is available at [102] as Supplementary Video 5.
4.5 Discussion
Fibre-based optical manipulation often relies on engineered terminations to
achieve focussing [61]. In most cases, such optical traps are static, i.e. do
not allow positioning of the confined objects with respect to the fibre, and
lack confinement in the axial direction due to insufficient NA. Demonstrated
fibre-based optical tweezers, providing three-dimensional confinement, relied on
the combination of multicore fibres with micro-fabricated structures to combine
light from such cores into a high-NA focus [62, 63, 103]. Yet, these approaches
come with increased instrument footprints, and lack the flexibility offered by
HOT.
This chapter showed the first demonstration of 3D holographic optical ma-
nipulation of micro-objects using a single-core fibre. Moreover, the lensless MMF
probe allowed the delivery of HOT in a region spanning almost the entire area of
the fibre core.
The versatility of the instrument was further demonstrated by simultaneous
and dynamic 3D manipulation of large assemblies of microparticles, allowing the
independent relocation of the tweezers with respect to each other and to the fibre.
The footprint of the instrument could be made as small as 35 µm in diameter,
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a
b c
FIGURE 4.6: Resilience of HOT to fibre bending. a, A static
HOT confining a silica microsphere (1.5 µm diameter) was delivered
through a fibre with length 65 mm. The unheld distal portion of the
fibre (15 mm long) was initially straight and was then progressively
bent due to the force applied by a motorised stage moving upwards.
b,c, Side-view images of the trapped particle in the initial, straight
conformation of the fibre (b), and in the final, bent conformation (c),
corresponding to a vertical displacement of 2 mm and a radius of
curvature of 5 cm.
allowing to demonstrate the manipulation of micro-objects within a turbid cavity
which was inaccessible to bulk optics. Optical manipulation inside such complex
environments opens new perspectives for studies using HOT delivered through
micro-endoscopes in complex environments, including studies in vivo.
A possible concern might relate to the influence of fibre bending in the qual-
ity of the optical traps. This was addressed by a demonstration suggesting that
the HOT are sufficiently resilient for practical implementations, including in-vivo
applications, where small deformations might be induced in the fibre during in-
sertion of the endoscopic probe, or due to the dynamic nature of living tissue.
Furthermore, it has been shown separately that such deformations can be cor-
rected based on numerical modelling of light propagation through MMFs [38].
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Chapter 5
Characterisation of the Optical
Tweezers
This chapter is devoted to the study of the performance of the fibre-based holo-
graphic optical tweezers (HOT) demonstrated in the previous chapter.
Calibrating the optical tweezers encompasses measuring their stiffness for
known values of the optical power, which usually requires knowing the trajec-
tory described by the trapped objects due to Brownian motion. To this end, an
algorithm for extracting the 3D trajectory of a trapped particle from high-speed
recordings is introduced here. The performance of the HOT in terms of the stiff-
ness versus power characteristics was studied for different lengths of the multi-
mode fibre (MMF). Additionally, a method allowing the precise nano-scale relo-
cation of the trap sites was developed, as this comprises a crucial aspect in view
of practical applications in biophotonics. Lastly, the influence of temperature on
defocussing of the HOT is also addressed.
The concept and methodologies of the particle tracking algorithm presented
in this chapter was developed by Tomáš Čižmár (University of Dundee, United
Kingdom), the doctoral advisor of this Thesis.
The contributions from the author of this Thesis to the work presented in this
chapter consisted of: (i) performing the calibration of the HOT, (ii) implementa-
tion of the holographic methods for precise positioning of HOT, (iii) performing
the experiments assessing positioning resolution of trapped microparticles, and
(iv) contribution to the data analysis.
The contents of this chapter form part of the following publication: I. T. Leite,
S. Turtaev, X. Jiang, M. Šiler, A. Cuschieri, P. St. J. Russell, and T. Čižmár, Three-
dimensional holographic optical manipulation through a high-numerical-aperture soft-
glass multimode fibre, Nature Photonics 12(1), 33–39 (2018).
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5.1 Calibration of the optical tweezers
In aqueous media, optically confined particles are subject to Brownian motion so
that recording their 3-D trajectories can be used to analyse the strength (stiffness)
of the optical trap. Since fibre-based HOT is incompatible with the standard ap-
proach of back-focal-plane interferometry [104], an algorithm was developed to
extract the particle’s positions from high-speed video recordings.
5.1.1 Particle tracking using symmetry and principal component
analysis
Video recordings of confined particles were obtained with the en face imaging
pathway at a frame-rate of 1 kHz and field of view of 200× 40 pixels. For each
video recording of a trapped particle, a background recording (i.e. with no par-
ticles in the field of view) was also taken, whose time-averaged signal was sub-
tracted from each frame of the particle recording in order to eliminate effects orig-
inating from non-uniformities in the illumination signal. A time-averaged frame
of the whole record was used to determine the approximate lateral position of the
particle, and all frames were cropped to a region of 32× 32 pixels around it.
Tracking of the transverse position
Since the particles used were highly regular spheres, their images produced az-
imuthally invariant signals over a uniform background, as shown in Fig. 5.1a.
To determine the lateral (x and y) coordinates of the particle in a given frame of
the video recording, the shift-property of the Fourier transform was employed to
translate the particle’s image to the centre of the frame, so the whole frame fea-
tures the best horizontal and vertical symmetries (Fig. 5.1b). The shift-property
of the Fourier transform is very suitable for this operation since, even for non-
integer pixel shifts, it does not affect the spatial content of the images.
The optimisation procedure consisted in the following: The one-dimensional
Fourier transform of each row of the image data was calculated, and then mul-
tiplied by a phase term exp (i2πxdx/N), where dx is the horizontal shift to be ap-
plied in units of pixels, x is a vector of pixel indices (−N/2,−N/2 + 1, . . . , N/2−
2, N/2− 1) and N is the size of the vector (N = 32). The inverse Fourier trans-
form was calculated from the result to obtain each row of the spatially shifted
frame. The optimisation procedure varied the amount of dx in order to obtain a
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FIGURE 5.1: Particle tracking based on symmetry and principal
component analysis. a, Sequence of original frames from a high-
speed video recording the Brownian motion of an optically trapped
microsphere. b, Symmetrised frames of a. c, First five principal com-
ponents of the symmetrised record. d, z-coordinate trace in the score
space of the two main principal components. e, Retrieved time evo-
lution of all three Cartesian coordinates of the trapped particle. f,
PSD and its Lorentzian fit (in logarithmic scale) for each coordinate.
frame yielding the minimum difference (least-squares-sum) from its mirror im-
age. The value dx maximising the mirror symmetry of the images corresponds
to the x coordinate of the particle for the actual frame in pixel units. This same
procedure was then applied to each column of the image to symmetrise the frame
vertically and obtain the y coordinate of the particle. Alternatively, the optimisa-
tion procedure could search for both lateral coordinates simultaneously using a
two-dimensional Fourier transform; however, this was found to be more compu-
tationally demanding making the algorithm significantly slower.
The shift amount immediately yields the lateral x and y trajectories, which
can be calibrated using the known magnification of the imaging pathway. This
procedure also provides a stack of symmetrised video-frames where the shape of
the particle’s image changes only with axial position (z).
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Tracking of the axial position
As there is only one degree of freedom dictating the changes in the particle’s im-
age shape, the z coordinate can be extracted using principal component analysis
(PCA), a multivariate algorithm commonly used to reduce the dimensionality
of datasets. Changes to signals of individual pixels in symmetrised frames are,
due to the axial motion of the particle, correlated. PCA transforms this multidi-
mensional space of pixel signals into a set of orthogonal vectors (principal com-
ponents) in such way that the first principal component contains the maximum
variance of the data set, the second principal component contains the next most
significant variance, and so on.
All symmetrised frames were reshaped into 1 × N2 vectors comprising the
columns of a two-dimensional matrix containing the whole (symmetrised) video
recording. The Matlab inbuilt function “pca” was used to calculate the principal
component (PC) vectors as well as the PC scores – i.e. the projections of each
frame onto the PC vectors – for each frame of the recording. Figure 5.1c shows the
first five principal component vectors, reshaped back into 32× 32 pixels images.
Only the first two principal components (PC1 and PC2) feature azimuthal
symmetry and are not overwhelmed by noise; therefore, it can be assumed that
these variances carry most of the information about the axial position of the par-
ticle. The PC scores of these two principal components can be plotted against
each other (see Fig. 5.1d), featuring a clear trace in the two-dimensional PC space
which is associated with the axial motion. Each point in this trajectory corre-
sponds to an individual frame of the video recording. The z position can be found
by parametrising and calibrating this score-space trajectory.
The first step in the parametrisation of the trajectory was searching for the
“origin” point featuring the highest concentration of the score points in PC space.
Secondly, the algorithm searched for a circular (soft-apertured) subspace whose
centre is displaced from the “origin” by a (very small) fixed distance, also fea-
turing the highest concentration of score points from all such subspaces at the
fixed radius from the “origin”. This provided the tangential vector to the z tra-
jectory. The “origin” point was then translated sequentially in small increments
along the tangential vector, with each step including a correction to the tangential
vector. Because the optimisation function searching for the optimal angle of the
tangential vector has two local maxima for two opposite angles (corresponding
to forward and backward displacements), a weighting term providing preferen-
tial movement in the forward direction (with respect to the previous iteration)
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was included to prevent reversing the motion and cycling. In this way, the algo-
rithm followed the trajectory in small increments until reaching a location where
the concentration of score points is below a certain threshold. When one end of
the trajectory was reached, the tangential vector was reversed and the “origin”
point was sequentially moved backwards, while keeping record of its actual po-
sition in PC space. Additionally, the obtained z trajectory was extrapolated at
each end beyond the location of the score points and re-sampled in such way that
the distance between neighbouring points was significantly smaller compared to
the expected inaccuracy, estimated from the dispersion (thickness) of the score-
points around the z trajectory. This equidistant z trajectory is represented as a
dashed red curve in Fig. 5.1d. Finally, the closest point to the reconstructed z
trajectory was found for each score point, whose index was associated with the
uncalibrated z coordinate.
Calibration of the trajectory
The lateral coordinates, x and y, can be calibrated directly from the known pixel
size of the CCD detector (7.4 µm) and measured magnification of the imaging
pathway (65.7± 0.7). The axial (z) coordinate can be calibrated using the x and
y trajectories via energy equipartition, by assuming that the Brownian motion at
high frequencies is not affected by the trap, and therefore remains isotropic along
all Cartesian coordinates. A typical particle trajectory is shown in Fig. 5.1e, where
all three Cartesian coordinates are plotted against time.
5.1.2 Estimation of the optical trap stiffness
The stiffnesses of the optical tweezers were assessed using the power spectrum
analysis of the trajectory of trapped particles, which is often regarded as the most
reliable method for spherical particles [49, 104].
The power spectrum density (PSD) in each Cartesian direction (Fig. 5.1f) is
calculated as the squared absolute value of the Fourier transform of the corre-
sponding trajectory component, i.e. PSDj =
∣∣F (rj)∣∣2, where rj is the j-th compo-
nent (x, y or z) of the trajectory r (t). The corner frequencies fc can be extracted
from the power spectra by fitting to a Lorentzian function:
PSD =
a
f 2 + f 2c
, (5.1)
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where f is the frequency coordinate of the Fourier spectrum and a and fc are
parameters of the fit. The optical stiffness κ can be recovered from the corner
frequency parameter fc as:
κ = 2πβ fc, (5.2)
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which already includes Faxen’s law correction, ν is the viscosity of the medium,
a is the radius of the particle and h is the distance from the particle’s centre to the
fibre facet.
Throughout the analyses of the optical stiffnesses, shown in the following sec-
tion, the particles were confined at a distance of ≈4 µm away from the fibre. This
value has been used as the estimate of the particle displacement from the fibre
facet. However, increasing trapping power caused further axial relocation of the
trap sites away from the fibre, as shown in Fig. 5.7c. The hydrodynamic drag con-
stant β was not corrected for this effect since, even in the most affected cases, the
imprecision in the estimate of h only caused a small inaccuracy to the resulting
stiffness values (up to 5%).
5.2 Stiffness versus power characteristics
5.2.1 Methods
These experiments used the same apparatus in the final configuration described
in Section 4.3.1, which is illustrated in Fig. 4.3. The optical trapping procedures
were also identical to those detailed in Subsection 4.3.3, with a single HOT being
generated at a distance of 4 µm from the distal fibre facet using the holographic
methods introduced in Subsection 3.3.2 which include pre-compensation of the
mode-dependent loss (MDL).
The power of the trapping beam was changed in a step-wise manner, by us-
ing the half-wave variable retarder HWVR in closed feedback with power detec-
tor PD. For each value of power, a video recording of the same trapped particle
(1.5 µm-diameter silica microsphere) was taken at an acquisition rate of 1 kHz us-
ing the en face imaging pathway. In each time the HOT power was modified,
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FIGURE 5.2: Calibrating the microscope objective transmission at
the 1064 nm wavelength. a, Schematic of the experimental config-
uration. b, Transmitted power through two identical objectives as
function of the input power.
the imaging microscope objective MO2 was re-positioned axially using a piezo-
actuated z-translation mount due to the axial relocation of the trap site. The dis-
placement of the trap site was found in this manner by maximising the image
contrast of the trapped particle, and was logged for later analysis. To exclude
the possibility of performance degradation by mechanical drift of the alignment
components, the measurements were taken for increasing followed by decreasing
trapping power with the same measurement of the transmission matrix (TM) of
the fibre. In the end of the measurements, the particle was released and video
recordings of the background were taken at all previously logged axial positions.
This entire procedure was controlled by a Labview routine allowing faster and
more reliable data acquisition. These experiments were repeated for five mea-
surements of the TM and for several lengths of fibre, using the same fibre segment
which was successively recleaved in increments of ≈25 mm.
Output power calibration (transmittance of MO2 and BS)
In order to estimate the optical power leaving the output fibre facet at any given
moment during the experiments, it was necessary to measure the transmittance of
the imaging microscope objective MO2 as well as the fraction of power diverted
by the non-polarising beamsplitter cube BS towards power detector PD, at the
1064 nm wavelength used.
The transmittance of MO2 was measured using two identical microscope ob-
jectives in the arrangement depicted in Fig. 5.2a. Two microscope coverslips and
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FIGURE 5.3: Calibrating beamsplitter cube at 1064 nm wavelength.
Transmitted (T) and diverted (R) power by the non-polarising beam-
splitter cube as function of input power.
water-index-matching immersion oil were placed in-between. The beam was ex-
panded and collimated by a lens (75 mm focal length) to overfill the back-focal
aperture of the first microscope objective. An iris diaphragm was placed in the
path to exactly fill the back-focal aperture. A tube lens (250 mm focal length) and
a CCD detector were used to guarantee the correct alignment of the second mi-
croscope objective. The input power was measured between the iris and the first
microscope objective, whereas the output power was measured immediately af-
ter the second microscope objective. These measurements are plotted in Fig. 5.2b.
The transmitted and diverted power by beamsplitter cube BS was measured
for both s- and p-polarisation states. A half-wave plate and a linear polariser were
employed at the input facet of BS to control both the orientation of polarisation
and the incident power. The power detector was placed in one of two positions:
(1) to measure the diverted power and (2) to measure the transmitted and inci-
dent powers (the latter by removing the beamsplitter cube). A cage cube mount
(Thorlabs CCM1-4ER) made it simple to insert and remove the beamsplitter cube
during the measurements, which are shown in Fig. 5.3.
The transmittance of microscope objective MO2, given by the slope of the fit-
ted line in Fig. 5.2b, was estimated as (38.5± 0.1)%. The fraction of diverted
power by beamsplitter cube BS was estimated as (48.0± 0.5)% for s-polarised
light, and (50.8± 0.4)% for p-polarised light. Therefore, in the presence of com-
plete polarisation mixing in the multimode fibre, the diverted power by BS is
49.4%± 0.6% for unpolarised light. The power leaving the output fibre facet is
thus 5.26± 0.07 times larger than that measured by power detector PD.
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FIGURE 5.4: Trap stiffness for each coordinate as function of the total
optical power leaving the distal fibre end, for various fibre lengths
(L). The fitting parameter a (in units of pN µm−1 mW−1) reveals the
initial linear trend of the curves. Error bars represent standard devi-
ations over five measurements.
5.2.2 Results
Figure 5.4 summarises the study of trap stiffness along each coordinate for vary-
ing fibre lengths. The same fibre segment was used throughout the experiment,
re-cleaving it several times to shorten its length in increments of 25 mm. To verify
that the axial confinement was indeed due to optical forces, the fibre was oriented
horizontally so as to eliminate the gravitational effects in the axial direction. The
trapped objects were silica microspheres of 1.5 µm in diameter and the wave-
length was 1064 nm. Since the dependencies visibly depart from the ideal linear
trend, the data sets have been fitted to:







where κ is the stiffness, P is the output optical power, and a and b are two fitting
parameters.
Increasing fibre lengths clearly degraded the trap stiffness, particularly in the
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axial direction. At the same time, the power dependence also visibly departs
from linearity, especially for longer fibres. Both these effects are connected to
MDL. Even with MDL compensation the available NA was reduced (as shown in
Fig. 3.8); moreover for larger fibres the MDL compensation intensifies the power
of the lossy mode groups, which leads to a temperature increase due to optical
absorption. This causes changes to the TM and consequently reduces the quality
of the optical traps. Comparing these results with the state-of-art HOT systems
based on high-NA microscope objectives, these fibre-based HOT are roughly one
order of magnitude weaker. This is in good agreement with our expectations –
the optical traps only carry about 33% of the output optical power (Fig. 3.8) and,
although sufficient for 3-D confinement, the available NA is ≈20–30% lower.
5.3 Positioning precision
Practical applications of optical tweezers frequently require fine positioning of
trapped objects with nanometric precision [50–53]. At first sight, this might seem
inconsistent with the construction of the transmission matrix from output modes
organised in a square grid of diffraction-limited foci spaced by≈0.23 µm. Indeed,
the lateral relocation of the optical tweezers detailed in Subsection 4.3.2 consisted
in dividing the lateral trajectory into ≈0.23 µm steps by switching between con-
secutive pre-calibrated sites. This problem could be resolved by realising that any
diffraction-limited focus at an arbitrary position on the distal fibre endface can
also be expressed as a linear superposition of the distal (focal-point) FP modes.
For instance, by weighting the relative amplitudes of two neighbouring FPs, it is
possible to generate a focus anywhere between them.
Such a restriction does not apply to axial positioning, as this is achieved by
adding an arbitrarily small amount of defocus to the proximal far-field, as previ-
ously discussed in Subsection 4.3.2.
5.3.1 Holographic methods
Since the separation between the calibrated sites of the grid of output modes was
much smaller than the spatial extent (spot size) of each one of them, the fine posi-
tioning of a distal FP mode between such calibrated locations could be achieved
by generating two consecutive modes simultaneously, say (u′, v′) and (u′+ 1, v′),
Chapter 5. Characterisation of the Optical Tweezers 70
by applying to the LC-SLM the phase-only modulation:
H (x, y) = arg
(
aF−1 [hu′,v′ ] + (1− a) eiδF−1 [hu′+1,v′ ]
)
, (5.5)
where hu′,v′ is the far-field complex modulation given by Eq. (3.1) and δ is the










where ∗ denotes the complex conjugate. The modulation in Eq. (5.5) results in a
distribution of the optical field corresponding to a single FP whose central posi-
tion can be finely tuned by the relative amplitude a of the two output modes.
5.3.2 Effect on achievable output NA
In order to reposition the HOT with nanometric precision to locations between
calibrated FP modes, the relative amplitudes of two neighbouring FPs generated
simultaneously were weighted as described by Eq. (5.5). Naturally, this proce-
dure works when the separation between the FPs is much smaller than their spot
size, while as the FP separation approaches their size the generated focus broad-
ens, translating into a decreasing NA and stiffness of the HOT. To verify the limits
of this approach, the focus relocation was simulated for FP separations ranging
from 0.1 µm to 0.8 µm using a TM calculated for a fibre having the same param-
eters as that used in the experiments. The resulting intensity distribution was
fitted to an Airy disk distribution deformed elliptically, allowing to retrieve the
actual position of the focus as well as its effective NA (in the direction of the ma-
jor axis, i.e. parallel to the line segment connecting the two FPs) as it is relocated.
The results of the simulations for the FP separations of 0.2 µm and 0.3 µm are
shown in Fig. 5.5a,b, whereas the results for the whole range of FP separations
are available at [102] as Supplementary Video 6.
These simulations were complemented with experimental measurements
where the spacing between consecutive FPs was ≈0.23 µm. At each position,
the intensity distribution of the relocated focus was reconstructed from three
images taken at distinct exposure times (as detailed in Section 3.4) and fitted to
an elliptical Airy disk as in the simulations. Figure 5.5c shows the experimental
data averaged over five measurements. For the 0.23 µm FP separation used
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FIGURE 5.5: Detected central position and effective NA of a focus
created by coherent superposition of two neighbouring FP output
modes as a function of its expected central position. a,b, Simulated
data using a FP separation of (a) 0.2 µm and (b) 0.3 µm. c, Exper-
imental data with consecutive FP modes spaced by 0.23 µm. The
errorbars in (c) are smaller than the data markers. The horizontal
dashed line indicates the NA value of 0.8 required for stable opti-
cal confinement and the inset figures show the deviation between
the detected and expected positions of the focus as it is relocated
between the two FPs.
in this work, the effective NA was almost kept constant during the HOT fine
positioning, and the total deviation from the expected trajectory was smaller
than 5 nm. Moreover, the precision of each step along the trajectory was 1.8 nm
for the step size used (23 nm). It is worth noting that the presence of MDL in
the 65 mm-long fibre used in the measurements, not taken into account in the
simulations, is responsible for a visibly smaller effective NA in the measurements
when compared with the simulated data.
5.3.3 Results
To demonstrate the fine positioning, these principles were applied to relocate a
trapped particle (1.5 µm silica microsphere) in a step-wise manner, both axially
and laterally, while recording its position. Figure 5.6 reveals that even 5 nm lateral
steps, approximately 50 times smaller than the separation between output modes,
can still be resolved. Due to weaker localisation in the z direction, the smallest
resolvable axial steps are five times larger.
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FIGURE 5.6: a-d, Sequential relocation of the trap site along the lat-
eral direction, in increments of 20 nm (b), 10 nm (c), and 5 nm (d).
e-g, Sequential relocation of the trap site along the axial direction in
increments of 50 nm (f) and 25 nm (g).
5.4 Effect of temperature on defocus
Power absorption in the MMF leads to an increase in its temperature which mod-
ifies the measured TM. This was seen in the characterisation of the optical tweez-
ers, where the increasing optical power causes the trap site to displace axially
by a few micrometres (Fig. 5.7c). Remarkably, in the first instance the quality of
trap is seen to be well preserved as the trap stiffness increases linearly with the
optical power, especially in the case of fibres with lengths smaller than 100 mm
(Fig. 5.4). This lead to the hypothesis that, in the first instance, optical absorption
gives rise to a defocus of the FP modes, and further increasing power leads to the
degradation of the TM.
In order to test this, the TM of a ≈170 mm-long fibre was measured under
varying temperature. With respect to the system shown in Fig. 3.4, the setup
was modified into an upright configuration with the fibre bent 180◦ between the
two microscope objectives at the bottom. This allowed immersing ≈100 mm of
the fibre in a thermal bath whose temperature was controlled in closed-loop and
could be kept constant with a precision of 0.01 ◦C.
Comparing the several TM measurements at different temperatures with the
one obtained at room temperature (21.84 ◦C) it was found that to generate the
same distal FP modes, the proximal far-field is modified by a quadratic phase – a
defocus – with magnitude proportional to the temperature difference. Figure 5.7a
shows this phase difference, averaged for all distal FPs in each measurement of
the TM, and compares it with a fitted quadratic phase. Figure 5.7b shows that
the dependence of averaged defocus with temperature is very linear, having a
slope of ≈0.19λ/◦C for the fibre length used. A temperature increase can there-
fore be compensated to some extent by applying a defocus on the proximal field,
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FIGURE 5.7: Effect of temperature on the transmission matrix. a,
Phase difference in the proximal far-field with respect to the TM
measurement at room temperature, and fit to a quadratic phase. b,
Corresponding defocus (in units of wavelength) as a function of the
temperature difference. c, Axial displacement of the trap site and
corresponding defocus during the optical tweezers characterisation
for a fibre with length 150 mm.
without the need for re-measuring the TM. Conversely, by retaining the same TM
measurement without modifying the proximal field, such defocus will manifest
in the distal field as an axial displacement of the FP modes generated, due to
conservation of the longitudinal components of the wavevectors.
In order to link the defocus due to power absorption with the temperature
increase, a study of the axial displacement of a confined particle as a function of
the optical power was conducted using a fibre of similar length (150 mm). This
dependence, shown in Fig. 5.7c, is also very linear with a slope of ≈0.065λ/mW.
Although the temperature is not distributed uniformly along the fibre, these two
studies provide a coarse estimate that the fibre temperature increases by ≈0.3 ◦C
per mW, for the fibre length used.
5.5 Discussion
The quantitative analyses presented in this chapter reveal that the performance
of the fibre-based trapping system is not significantly lower than in standard
geometries of optical tweezers relying on bulk objective lenses. The approaches
introduced here also allow the independent positioning of trapped particles
with nanometre-scale precision in all three dimensions. The particle confinement
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strength and fine positioning control were both well maintained, suggesting that
the system can be used without severe compromises. Both studies confirm that
the trapping performance should indeed be sufficient for advanced applications
in biomedical research.
The particle tracking method based on symmetry and principal component
analysis allowed retrieving the 3D trajectory of trapped particles from 2D
video records with sufficient precision, conveniently without the need for pre-
calibrating their axial positions from pre-recorded off-focus images of a particle
fixed onto a coverglass [105].
The effect of temperature on the transmission matrix of a MMF was also ad-
dressed. It was shown that, in a first instance, the quality of generated foci seems
to be remarkably well preserved for temperature changes below 10 ◦C. Such
changes in temperature, however, give rise to a defocus which translates to an
axial displacement of the foci. This could be counteracted by applying an oppos-




Imaging via a Multimode Fibre
This chapter demonstrates a system for high-speed fluorescence imaging through
a multimode fibre (MMF), capable of acquiring 7-kilopixel images at a rate of
3.5 frames per second.
The MMF-based micro-endoscopy system was used to demonstrate deep-
brain imaging in vivo in a mouse animal model, via endoscopic probes with the
smallest footprint reported to date. Images taken within the visual cortex and
hippocampus at depths larger than 2 mm allow identifying neuronal structures
and reveal micrometre-sized details. The technique causes minimal damage to
the tissue structures surrounding the fibre penetration volume, as shown by the
post-mortem analysis of the brain sections.
All experiments using animal models shown in this chapter were performed
by Tristan Altwegg-Boussac, Janelle Pakan, and Nathalie Rochefort at the Uni-
versity of Edinburgh (United Kingdom).
The contributions from the author of this Thesis to the work presented in
this chapter consisted of: (i) design of the fluorescence imaging system, (ii) ex-
perimental assessment of imaging resolution, and (iii) validation of fluorescence
imaging.
The contents of this chapter have been submitted for publication as: S. Tur-
taev, I. T. Leite, T. Altwegg-Boussac, J. M. P. Pakan, N. L. Rochefort, and T.
Čižmár, High-fidelity multimode fibre based endoscopy for deep-brain in vivo imaging,
arXiv:1806.01654 [physics.med-ph].
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6.1 Methods
A DMD was the chosen modulator when devising this system, not only due to the
large modulation rates offered, but also owing to its high performance in terms of
beam-shaping fidelity, as demonstrated previously in Fig. 2.4. While high acqui-
sition speeds bring clear practical benefits such as allowing prompt refocussing
on objects of interest as well as minimising photobleaching (due to shorter expo-
sure times to the excitation light), a higher power ratio in the excitation foci leads
to enhanced image contrast by minimising fluorescence signals generated by the
uncontrolled speckle background.
The system design was similar to that of configuration 3b (Fig. 2.1) used in
the experiments presented in Chapter 2, making use of a Fourier-domain basis
of input modes and an external phase reference. This design now included a
dichroic mirror allowing the spectral separation of light emitted towards a fast
bucket detector. The optical pathway for interferometric measurement of the TM
was designed in a compact manner allowing its easy replacement by a motorised
three-axis imaging stage accommodating a head-fixed animal under the imaging
fibre in a stereotaxic arrangement.
6.1.1 Experimental setup
The system was designed in a modular manner, consisting of a laser, calibration,
beam-shaping and sample modules, as depicted in Fig. 6.1. In the laser module,
light from a single-frequency laser source emitting at 532 nm (CrystaLaser CL532-
075-S) was divided into a signal and a reference beams, which were coupled to
single-mode polarisation-maintaining fibres carrying them to the beam-shaping
and calibration modules, respectively. The calibration module was used for the
precise alignment of the MMF, as well as for measuring the transmission matrix
(TM) of the system, being subsequently replaced by the sample module holding
an anaesthetized animal.
Lenses L2, L3 and L4 relayed the far-field of the holograms generated at the
DMD (ViALUX V7001, 1024× 768 resolution) to the proximal facet of the MMF.
An iris diaphragm was used in the Fourier plane of L2 to isolate the first diffrac-
tion order of the holograms, while blocking all remaining. The combination of
lenses L2 and L3 (200 mm and 75 mm focal lengths, respectively) was chosen to
underfill the aperture of aspheric lens L4 (8 mm focal length, 0.50 NA) in order to
reduce its effective numerical aperture down to 0.23 to match that from the MMF.
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FIGURE 6.1: Multimode fibre-based fluorescence imaging system. a,
Scheme of the setup. A calibration step precedes imaging. b, Flat-
top termination of the MMF probe with 50 µm core diameter and
60 µm external diameter.
Dichroic mirror DM together with excitation filter Fil1 and emission filter Fil2
separated and spectrally purified the fluorescence signal collected back by the
MMF. Photomultiplier tube PMT (Thorlabs PMT2101/M) measured the overall
intensity of the fluorescence signal. Half-wave plate HWP1 and quarter-wave
plate QWP1 provided the two degrees of freedom necessary to reach the purest
circular polarisation state of the spatially-modulated signal at the input facet of
the fibre.
Microscope objective Obj, in combination with tube lens L5 (150 mm focal
length) imaged the selected focal plane onto CCD camera Cam (Basler piA640-
210gm) with a 27.7× magnification. The reference beam was collimated by as-
pheric lens L6 (8 mm focal length, 0.50 NA) and combined with the signal beam
using non-polarising beamsplitter cube BS. Quarter-wave plate QWP2 converted
the polarisation state of the output speckle patterns to linear, and half-wave plate
HWP2 aligned the polarisation axis of the reference signal in order to maximise
the contrast of the interference patterns at the camera. Microscope objective Obj
was mounted on a single-axis translation stage for precise focusing and displace-
ment of the calibration plane with respect to the output fibre facet.
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The MMF chosen as the endoscopic probe was a standard, commercially avail-
able fibre with 50 µm-diameter core and 0.22 NA (Thorlabs FG050UGA), identical
to that used in the experiments described in Chapter 2. In order to minimise the
tissue damage caused by compression during the penetration process, the fibre
probe (2 cm in length) was post-processed into a flat-cone termination by polish-
ing out the excess of cladding from 125 µm down to 60 µm external diameter, as
shown in Fig. 6.1b, using the procedure described previously in Subsection 3.1.1.
6.1.2 Holographic methods
A Fourier-domain wavefront shaping approach making use of an external phase
reference was employed, as described previously in Subsection 2.4.3. Being uni-
formly distributed, an external phase reference prevents the formation of “blind”
spots in the field of view, which originate from the speckled nature of internal
references [27]. The TM was measured interferometrically, as detailed in Subsec-
tion 2.4.1, using a basis of≈3000 input modes. Despite the fibre sustaining≈1050
waveguide modes for each polarisation state, the input modes were oversampled
in order to reach the highest possible fraction of power contained in the foci pro-
duced, ≈75% in this case (Fig. 2.4). For each input mode, the interferometric
response was sampled in steps of π/2 over just one phase cycle, i.e. δφ = π/2 and
n = 4 in Eq. (2.5).
The calibration plane was typically set to 5–15 µm working distances from the
fibre facet, to minimise sample-induced aberrations. Additionally, for the MMF
employed such working distances yield a nearly uniform NA matching that of
the fibre, over a field of view having the same dimensions as the fibre core (Sec-
tion 4.2). The basis of output modes consisted of a square grid of 100× 100 points
spaced by approximately 0.53 µm across the focal plane, which were conjugate to
pixels of the CCD detector during the calibration procedure. This is smaller than
the required sampling interval, given by λ/2NA ' 1.2 µm, to guarantee that the
spatial resolution of the reconstructed images was limited by diffraction, rather
than sampling. Only the ≈7000 output modes falling within the 50 µm circu-
lar area of the distal field of view were scanned during image acquisition, at the
maximum refresh rate of the DMD modulator, yielding ≈3.5 images per second.
Images were reconstructed using the fluorescence signals collected and
guided back by the MMF, upon laser-scanning of the samples with a focussed
excitation beam. Such diffraction-limited foci were generated by means of binary
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Data were acquired from five adult mice (5-6 months old). In four mice, a
subpopulation of inhibitory neurons, Somatostatin-expressing (SST) neurons,
was labelled with a red fluorescent marker (tdTomato) using a Cre-driver
transgenic mouse line: Sst<tm2.1(cre)Zjh> (SST-Cre) [RRID: IMSR_JAX: 013044]
(Jackson Laboratory, ME, USA) cross-bred with Rosa-CAG-LSL-tdTomato [RRID:
IMSR_JAX: 007914] mice. In one mouse, another subpopulation of inhibitory
neurons, (VIP) neurons, was labelled with the same red fluorescent marker
(tdTomato) using a Cre-driver transgenic mouse line: Vip<tm1(cre)Zjh> (VIP-
Cre) [RRID: IMSR_JAX: 010908] (Jackson Laboratory, ME, USA) cross-bred with
Rosa-CAG-LSL-tdTomato [RRID: IMSR_JAX: 007914] mice. The animals were
group housed (typically 2-4 mice), and both male and female mice were used in
the experiments. All procedures were approved by the University of Edinburgh
animal welfare committee and were performed under a UK Home Office project
license.
Surgical procedures
For craniotomy, mice were anaesthetised with isoflurane (4% for induction and 1–
2% for maintenance during surgery and throughout imaging) and mounted on a
stereotaxic frame (David Kopf Instruments, CA, USA). Eye cream was applied to
protect the eyes (Bepanthen, Bayer, Germany), analgesics and anti-inflammatory
drugs were injected subcutaneously (Vetergesic, buprenorphine, 0.1 mg kg−1 of
body weight, carprofen, 0.15 mg, and dexamethasone, 2 µg). A section of scalp
was removed, and the underlying bone was cleaned before a craniotomy (around
2× 2 mm2) was made over the left primary visual cortex (V1, 2.5 mm lateral and
0.5 mm anterior to lambda). Cyanoacrylate glue (Locktite, UK) was applied to
the surrounding skull, muscle, and wound margins to prevent further bleeding.
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6.1.4 In-vivo imaging methods
The in-vivo imaging stage was placed below the fibre and consisted of a cus-
tom made frame with ear-bars, to keep the animal’s head position fixed during
the imaging procedure, and a fitted facemask for delivery of isoflurane anaes-
thesia (1–2%). Suitable body temperature was maintained via thermal bandage.
The imaging stage was mounted on a three-axis motorised translation stage with
servo-driven actuators (ThorLabs, USA), allowing precise positioning of the ani-
mal both laterally for targeting the craniotomy and axially for the control of the
fibre penetration process. The endoscopic fibre probe was gradually lowered into
the craniotomy, up to 1–4 mm into the brain tissue targeting deep cortical layers in
V1 and ventrally through the hippocampus to the base of the brain. Images were
collected at ≈3.5 frames per second at multiple regions throughout the tissue.
At the end of the imaging session, the animals were given an overdose of
sodium pentobarbital (240 mg kg−1) prior to transcardial perfusion with phos-
phate buffered saline (PBS) and then 4% paraformaldehyde. The fixed brains
were then extracted and 50 µm thick coronal sections were made with a vibratome
(Leica, Germany) to confirm the location of the fibre tract.
6.2 Results
6.2.1 Characterisation of the imaging system
Figure 6.2a demonstrates the high uniformity of the generated foci across the
field of view, with the intensity of one of them shown in greater detail in log-
arithmic scale. These foci contained ≈75% of the total output power, and their
peak intensities show an enhancement exceeding 3100 with respect to the aver-
age background level.
The imaging resolution was assessed using a negative USAF-1951 test target
placed in proximity to the distal fibre endface. As shown in Fig. 6.2b, the line
separations of 4 µm and 1.9 µm were imaged with contrasts of 85% and 30%, re-
spectively. This is in good agreement with the resolution limit (≈1.5 µm using
Rayleigh’s criterion) dictated by the NA of the fibre and wavelength used.
Red fluorescent beads (4.0 µm in diameter) fixed on a microscope coverglass
were used to validate the fluorescence imaging operation of the system, as shown
in Fig. 6.2c. Due to the high sparsity of this sample, there is no noticeable impact
from the limited power ratio on the contrast of the reconstructed image. In case of
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FIGURE 6.2: Characterisation of the fibre-based imaging system. a,
Uniformity of foci generated across the fibre facet (left) and intensity
distribution (top-right) and corresponding azimuthally-averaged
profile (bottom-right) of the highlighted focal point, in logarithmic
scale. b, Assessment of imaging resolution using a negative USAF-
1951 test target, imaged in transmission. c, Validation of fluores-
cence imaging using 4 µm red fluorescent beads.
densely-labelled volumetric samples however, the uncontrollable speckle back-
ground of the excitation signal translates into lower signal-to-noise ratio and, as
such, the power ratio becomes a crucial attribute of the imaging system.
6.2.2 In-vivo imaging of deep-brain tissues
The demonstration of in-vivo imaging capability deep within the brain of an
anaesthetised animal was performed in transgenic mice with a subpopulation of
inhibitory interneurons labelled with a red fluorescent marker (tdTomato). The
insertion of the fibre probe into the primary visual cortex (V1) and deeper into
the hippocampus of the mouse brain was made through a small craniotomy. The
images shown in Fig. 6.3a,b were acquired at different depths within V1 (0.5 mm
to 0.8 mm deep) and in the CA1 region and dendate gyrus of the hippocampus
(≈1.5 mm and ≈2 mm deep). The resolution and contrast achieved in vivo
allowed for the visual identification of both relatively large objects, such as cell
soma (10 µm to 20 µm in diameter, Fig. 6.3a), and thin processes (typically 1 µm
to 2 µm wide) with fine structures corresponding to synaptic boutons (Fig. 6.3b).
Although the in-vivo measurements did not require high levels of exposure to
excitation light, no adverse effect of photobleaching was observed during image
acquisition, even when the output power was set to its maximum value of
≈2 mW (measured at the sample plane). The high acquisition frame rate of the
system allowed the live recording of the labelled structures during fibre insertion
(see Supplementary Video available at [106]).
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FIGURE 6.3: Deep-brain in-vivo fluorescence imaging through a
multimode fibre. a,b, Images of somata (a) and processes (b) if in-
hibitory neurons observed via direct insertion of the MMF probe up
to 2 mm to 3 mm deep into the brain tissue of a mouse animal model.
The arrows indicate branching points and synaptic boutons. c, Post-
mortem coronal brain section showing two fibre tracts caused by the
MMF probe in the visual cortex and in the hippocampus. The width
of each tract is less than 50 µm.
The impact of the minimally-invasive probe was assessed from a post-mortem
section of a perfused brain after MMF-based imaging, shown in Fig. 6.3c. The fi-
bre probe caused minimal damage in vivo, with both tracts resulting from the fibre
penetration (in the visual cortex and hippocampus) being smaller than 50 µm in
width.
6.3 Discussion
The MMF-based imaging system presented here allowed fluorescence imaging
of deep-brain structures with micrometre-scale spatial resolution via the thinnest
endoscopic probes to date, resulting in minimal damage to the tissue surrounding
the fibre penetration area.
In anaesthetised transgenic mice with tdTomato fluorescent protein expres-
sion in a sparse sub-population of inhibitory interneurons, visually identifiable
images of neuronal somas and processes were obtained both in the visual cortex
and in the hippocampus, more than 2 mm from the surface of the brain. While in
these experiments the imaging depth was limited to the regions of labelled tissue,
with this technique the entire dorsal-ventral extent of the mouse brain (4 mm to
6 mm) can be covered, allowing imaging of even the most ventrally located nuclei
in the brain.
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In contrast with traditional micro-endoscopy systems, the achieved resolution
was limited only by the NA of the fibre, being comparable with a standard 10×
microscope objective. This is because the active holographic approaches inher-
ently correct all aberrations in the entire optical path, including those caused by
components and alignment imperfections.
Imaging immediately after insertion of the endoscopic probe, which is only
possible due to its minuscule footprint, eliminates the need for a long postoper-
ative recovery period, as well as the necessity of surgical removal of overlying
tissue and implantation of an imaging element, such as a GRIN lens [107, 108].
Moreover, a robust cage construction enabled imaging spanning several hours,
with the possibility of fibre re-insertion in different regions without the need for
re-calibration.
The acquisition speed of the system was limited by the ≈23 kHz refresh-rate
of the DMD modulator, resulting in 7-kilopixel images acquired at 3.5 frames per
second. While this proved sufficient to allow adequate temporal resolution for
fluorescence imaging in living tissues, observations of dynamic processes usu-
ally require acquisition rates greater than 10 Hz. Naturally, higher imaging speed
could rely on the further development of faster modulators. For now, faster image
acquisition is also possible by reducing the size of the images, either by decreas-
ing spatial sampling or limiting the field of view. Another possibility is to restrict
scanning to particular regions of interest within the field of view, for instance
using foveated imaging [109].
The holographic methods employed here also allow scanning along multiple
(pre-calibrated) focal planes at different working distances from the distal fibre
endface, opening a route for volumetric imaging. In this work, the large axial di-
mension of the excitation foci (resulting from the low NA of fibre probe) did not
allow to fully exploit this modality. Moreover, eliminating the out-of-focus light
by means of confocal rejection of incoherent fluorescence signals is incompatible
with this technology due to the dispersion properties of multimode waveguides.
However, custom-made high-NA optical fibres such as that shown in the previ-
ous chapters can offer a significant improvement in axial resolution, and therefore




This end chapter concludes the Thesis by summarising the results presented in
the previous chapters, and discussing future research directions which could
stem from this work.
7.1 Summary of the results
This Thesis presents new advancements in the topic of holographic micro-
endoscopy using multimode optical fibres (MMFs), a perspective technology for
devising minimally-invasive, light-based examinations with great detail deep
inside living tissues.
The spatial resolution of such techniques is limited by the numerical aper-
ture (NA) of the fibres, which dictates the maximum spatial frequencies allowed
to propagate through. A new type of all-solid MMF was introduced, that due
to a remarkably high refractive index contrast between the core and cladding
materials, is able to offer an NA exceeding 0.9. A modified system design and
new methodologies allowing measuring and compensating the adverse effect of
mode-dependent loss present in these fibres were devised, enabling the almost
complete exploitation of their full NA. High-resolution diffraction-limited foci
were generated across such MMFs with unprecedented output NAs. In addi-
tion to improvements in imaging resolution, this has the potential to enable other
high-NA techniques delivered by MMF probes.
In particular, such highly-focussed light outputs were shown to provide three-
dimensional optical confinement of micrometre-sized dielectric objects by a sin-
gle beam – optical tweezers. The wavefront shaping techniques employed, be-
ing inherently holographic, allowed the flexible control of the number of trap
sites and their relocation across all three-dimensions independently. This was
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demonstrated by the dynamic manipulation of complex 3D arrangements of mi-
crospheres using such holographic optical tweezers (HOT). The potential for ap-
plications in complex environments, such as studies in vivo, was further shown
by HOT-manipulation inside a turbid cavity through a minuscule channel.
Quantitative analyses of the stiffnesses of the fibre-based HOT revealed that
their performance does not lag significantly behind that of standard geometries
relying on bulk objectives. Additionally, a methodology was developed allowing
the fine relocation of trapped objects independently and in all three-dimensions
with nanometre-scale precision. This is critically important for perspective appli-
cations in vivo, since alternative means of mutually positioning the optical traps
with respect to the sample (e.g. with piezo-actuated stages, as commonly used in
vitro) will no longer be feasible. Both results suggest that the performance of the
fibre-HOT is indeed sufficient for applications in biomedical research.
Separately, a study was undertaken to assess the comparative performance in
terms of beam-shaping fidelity in the typical regimes of complex photonics, for
the two most commonly employed technologies for spatial modulation of light:
nematic liquid-crystal spatial light modulators (LC-SLMs) and digital micromir-
ror devices (DMDs). It was shown that, when employed in off-axis geometries
and despite their limited modulation depth, DMDs outperform LC-SLMs not
only in modulation rates but also in beam-shaping fidelity. This is especially
significant when controlling light propagation through MMFs, as in such cases a
significant portion of uncontrolled light arising from scattering in LC-SLMs leads
to higher noise levels which corrupt the wavefront shaping procedures.
Finally, a highly-optimised fluorescence imaging system for MMF-based
micro-endoscopy was demonstrated employing a DMD modulator. This system
was used for deep-brain imaging in vivo in mice animal models, with mini-
mal damage to the tissue. Images with 7-kilopixel resolution were acquired at
3.5 frames per second acquisition rates within the visual cortex and hippocampus
brain regions, at depths exceeding 2 mm. These allowed the visual identification
of neuronal structures such as somas and processes with resolvable details at the
micrometre scale.
The results demonstrated in this Thesis pave the way to the implementation
of numerous advanced techniques of biophotonics, particularly those relying on
high-NA focussing, deep within the most sensitive tissues of living organisms
through minimally-invasive, single-fibre probes.
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7.2 Future work
Fibre-based HOT have the potential of bringing studies of biophotonics relying
on optical tweezers to direct measurements in vivo. However, a few aspects re-
main to be solved. In this work, external imaging of trapped particles allowed
tracking their 3D trajectories to calibrate the HOT. This approach is naturally in-
compatible with the deployment of fibre-HOT inside complex media, where no
direct optical access to the trapped objects will be possible. The employment
of fibre-HOT as, for instance, force transducers, will thus require an alternative
means of particle tracking. While an imaging modality at a separate wavelength
could be combined simultaneously with the HOT using the same fibre, particle
tracking using images acquired in this way would either lack in spatial or tempo-
ral sampling, even with the faster modulators available today. The solution could
rely on exploiting the light signals which are back-scattered by the particles, col-
lected and guided back through the fibre towards the proximal side where they
could be analysed, e.g. by means of a correlation filter.
High-resolution focussing through MMFs is broadly relevant beyond the ap-
plications of HOT, unlocking many new possibilities for modern biomedical re-
search where current approaches frequently rely on tight focussing of laser light.
This work also opens a route to the implementation of highly advanced imaging
techniques and microscopy requiring high NA deep inside living tissues through
minimally-invasive MMF probes.
The possibility of realising minimally-invasive observations within the deeper
layers of tissues in vivo has been the main driver of the topic of holographic
micro-endoscopy exploiting MMFs. The high-fidelity fibre-based fluorescence
imaging system demonstrated constitutes one the first materialisations of such
potential. This combined reliable wavefront shaping methods which had been
previously shown with a careful optical design, allowing diffraction-limited res-
olution by the NA of the fibre, quality of foci approaching the theoretical limits,
and the highest modulation rates currently available. Still, the latter poses a con-
straint between image acquisition rate, spatial resolution, and accessible field-of-
view, which need to be compromised against each other. Thus, image acquisition
through the MMF can be increased by reducing the spatial sampling (e.g. one
could halve it during the experiments without the need for re-measuring the TM
by scanning over every other two pre-calibrated distal foci), by limiting the field
of view to smaller regions of interest, by a combination of both [109], or even
by employing the concept of compressive sensing [110]. The system can also be
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extended to multicolour imaging, by combining two or more excitation wave-
lengths and acquiring for each one a separate TM [111].
Future developments in the field will certainly build on the further progress
in the technology of spatial light modulators. Faster modulation rates can al-
low accessing observation of dynamic processes at smaller time scales. On the
other hand, the further development of already existing (but still low-resolution)
MEMS modulators having “piston-like” individual elements [112, 113], could
provide direct phase modulation with high modulation depths together with the
large switching rates typically offered by MEMS systems, thus combining the ad-
vantages of both DMDs and LC-SLMs.
Further progress might also encompass the development of new holographic
approaches capable of self-alignment to counteract drift of the optomechanical
components responsible for the degradation of acquired TMs over time or, alter-
natively, devising wavefront shaping approaches capable of re-calibration using
reflected light rather than in transmission, which would not require removal and
re-implantation of the MMF probe. Advances will certainly rely also on the de-
velopment of novel fibre types directly optimised for the purposes of holographic
endoscopy. For instance, it has been recently shown that graded-index fibres hav-
ing sufficiently high quality could be virtually immune to bending [114], which
could open the way to in-vivo studies in freely-behaving animal models.
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Appendix A
Waveguide modes of a step-index
optical fibre
Here, the analytical expressions of the exact vector eingenmodes of an ideal step-
index fibre are derived, as well as their characteristic equation [37, 115].
A.1 The electromagnetic wave equation
Let us start by considering a linear, homogeneous and isotropic medium, charac-
terised by the material constants ε and µ, the electric permittivity and magnetic
permeability. In the absence of sources of electromagnetic field (i.e. free charge
and current), Maxwell’s equations take the form:
∇ ·E (r, t) = 0 (A.1)
∇ ·H (r, t) = 0 (A.2)
∇×E (r, t) = −µ ∂
∂t
H (r, t) (A.3)
∇×H (r, t) = ε ∂
∂t
E (r, t) (A.4)
where E and H are the electric and magnetic vectors of the electromagnetic field,
both dependent on position r and time t. Taking the curl of Eqs. (A.3) and (A.4)
and using the vector identity:
∇× (∇× v) = ∇ (∇ · v)−∇2v, (A.5)
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where ∇2v = ∇ · (∇v):
∇ (∇ ·E)−∇2E = −µ ∂
∂t
(∇×H) (A.6)
∇ (∇ ·H)−∇2H = ε ∂
∂t
(∇×E) (A.7)
Noting that the first term on the left-hand side vanishes due to Eqs. (A.1) and
(A.2), and by replacing the curls on the right-hand side with Eqs. (A.3) and (A.4),
one obtains:




















F = 0, (A.10)
where F represents either E or H. Equation (A.10) is the electromagnetic wave
equation for linear, homogeneous and isotropic media, in the absence of sources
of field. The phase velocity is given by 1/εµ = c/n, where c is the speed of light in
vacuum and n the refractive index of the medium.
A.2 Solving the wave equation in cylindrical waveg-
uides
Here, we consider a step-index optical fibre modelled as an infinitely long di-
electric cylinder with radius a and refractive index n1 (the core), surrounded by a
different dielectric medium of lower refractive index n2 (the cladding) extending
radially to infinity, i.e. a spatial distribution of refractive index:
n (r) =
n1 , r < an2 , r ≥ a (A.11)
with n1 > n2.
We will search for field solutions of the wave equation Eq. (A.10), E (r, t) and
H (r, t), with the form:
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F (r, t) = F (r, θ) ei(ωt−βz) (A.12)
using a polar coordinate system suitable to the geometry of the problem, where F
represents either E or H, ω the (angular) frequency, β the propagation constant,
and i the imaginary unit. Note that, in Eq. (A.12), F (r, θ) denotes a complex
amplitude which does not depend on the axial coordinate z, and that only the
real part of F bears physical meaning. Such solutions for the field are invariant
in the direction of propagation z, and are thus designated propagagation-invariant
modes or eigenmodes.




























where v = vr r̂ + vθ θ̂ + vzẑ, whereas the Laplacian operator in this coordinate



















































By replacing Eqs. (A.15) and (A.16) into Maxwell’s equations (A.3) and (A.4),
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a few algebraic manipulations on the resulting four scalar equations for the trans-
verse components (r̂ and θ̂), lead to:





















































This means that the transverse components Er, Eθ, Hr and Hθ of the electro-
magnetic field are determined by the longitudinal components Ez and Hz. To
find these, we replace Eq. (A.12) into the wave equation (A.10), to obtain for the





Fz (r, θ) = 0 (A.21)
where ∇2t = ∇2 − ∂
2/∂z2, and k is the magnitude of the wavevector k (or
wavenumber), given by k2 = ω2εµ = (k0n)
2, where k0 is the wavenumber in free
space.
To solve Eq. (A.21), we shall look for solutions with separable variables with
the form:
Fz (r, θ) = ψ (r) eilθ, (A.22)
















ψ = 0 (A.23)
which is Bessel’s differential equation of order l. Note that solutions (A.22) must
satisfy the boundary condition Fz (r, θ) = Fz (r, θ + 2π), which means that l is an
integer (positive, negative or zero), and that Bessel’s equation (A.23) has integer
order.
In the core region (r < a), k2 = k20n
2
1 (n1 is the refractive index of the core, and
k0 = ω/c = 2π/λ the wavenumber in free space) and k2 − β2 > 0. Defining for















)2 − l2]ψ = 0 (A.24)
and, since it has integer order, it has the general solution:









where Jl and Yl are the Bessel functions of the first and second kind, respectively,
and A1 and A2 are complex coefficients.
In the cladding region (r ≥ a), we have k2 = k20n22 (n2 is the refractive index
of the cladding) and k2 − β2 < 0. This means that the argument of Eq. (A.23) is
purely imaginary. If we define w′ =
√
β2 − k20n22 > 0, we can re-write Eq. (A.23)













ψ = 0 (A.26)
which is known as modified Bessel’s differential equation of (integer) order l, which
has the general solution:









where Il and Kl are the modified Bessel functions of the first and second kind,
respectively, and B1 and B2 are complex coefficients.
The solution ψ (r):
ψ (r) =
A1 Jl (u′r) + A2Yl (u′r) , r < aB1 Il (w′r) + B2Kl (w′r) , r ≥ a (A.28)
Physical solutions for the guided modes must be finite in the core and de-
cay exponentially in the cladding. Considering the assimptotic behaviour of the
Bessel functions Jl, Yl, Il, and Kl:








log x2 + 0.5772 . . .
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one concludes that the longitudinal field components must have A2 = B1 = 0.
Thus:
ψ (r) =
AJl (u′r) , r < aBKl (w′r) , r ≥ a (A.31)




1 − β2 and w = aw′ = a
√
β2 − k20n22, then:





which defines a new parameter, known as normalised frequency (or v-number):
v = ak0
√
n21 − n22 = ak0NA (A.33)
where NA is the numerical aperture of the waveguide, and the previous relation
can be written as:
u2 + w2 = v2 (A.34)
Thus, the solution (A.22) for the axial components becomes:
Ez (r, θ) =
AJl (ur/a) eilθ , r < aBKl (wr/a) eilθ , r ≥ a (A.35)
Hz (r, θ) =
CJl (ur/a) eilθ , r < aDKl (wr/a) eilθ , r ≥ a (A.36)
The remaining components can now be computed using Eqs. (A.17)–(A.20):




)2 [−iAβ ua J′l (ur/a) + Cl ωµr Jl (ur/a)] eilθ , r < a( a
w
)2 [iBβ wa K′l (wr/a)− Dl ωµr Kl (wr/a)] eilθ , r ≥ a (A.37)




)2 [iCωµ ua J′l (ur/a) + Al βr Jl (ur/a)] eilθ , r < a( a
w
)2 [−iDωµ wa K′l (wr/a)− Bl βr Kl (wr/a)] eilθ , r ≥ a (A.38)




)2 [−iCβ ua J′l (ur/a)− Al ωε1r Jl (ur/a)] eilθ , r < a( a
w
)2 [iDβ wa K′l (wr/a) + Bl ωε2r Kl (wr/a)] eilθ , r ≥ a (A.39)
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)2 [−iAωε1 ua J′l (ur/a) + Cl βr Jl (ur/a)] eilθ , r < a( a
w
)2 [iBωε2 wa K′l (wr/a)− Dl βr Kl (wr/a)] eilθ , r ≥ a (A.40)
where J′l and K
′
l denote the derivatives of Jl and Kl with respect to their argu-
ments.
These solutions must satisfy the boundary condition at the interface r = a
between the core and cladding which requires that the tangential components
(Ez, Eθ, Hz, and Hθ) are continuous. This leads to the following set of equations:
AJl (u) = BKl (w) (A.41)






















B− lβ Kl (w)
w2
D (A.44)
which form a set of four homogeneous linear equations for the unknown coeffi-
cients A, B, C, and D:
Jl (u) −Kl (w) 0 0























 = 0 (A.45)
In order to obtain a non-trivial solution from (A.45), the determinant of the si-


























whose solutions are the allowed modes with propagation constant β (ω). For
a given wavelength (or equivalently, ω) for each l (the azimuthal order of the
mode) there is, in general, a finite number of solutions, each of which labelled m,
the radial order of the mode.
The dimensionless quantity β/k0 is designated effective refractive index, neff.
Since for guided modes n2k0 ≤ β ≤ n1k0, then this condition can be written
simply as n2 ≤ neff ≤ n1.
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Notice the implicit dependence in the dispersion relation on ω (or λ) through





1 − β2 = ak0
√
n21 − n2eff (A.47)
w = a
√
β2 − k20n22 = ak0
√
n2eff − n22 (A.48)
Solutions satisfying the characteristic equation (A.46) make the homogeneous
linear system (A.45) undetermined – otherwise one is left with the trivial solution
A = B = C = D = 0. This means that one of these coefficients (say, A) is a free
parameter – connected with the power carried by that particular mode – and all













































Replacing these in Eqs. (A.35)–(A.40) and using the following recurrence for-




[Jl−1 (x)− Jl+1 (x)] (A.53)
l Jl (x) =
x
2
[Jl−1 (x) + Jl+1 (x)] (A.54)
K′l (x) = −
1
2
[Kl−1 (x) + Kl+1 (x)] (A.55)
lKl (x) = −
x
2
[Kl−1 (x)− Kl+1 (x)] (A.56)
the field components can be re-written as:








eilθ , r ≥ a
(A.57)
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eilθ , r ≥ a
(A.58)


















eilθ , r ≥ a
(A.59)










eilθ , r ≥ a
(A.60)


















eilθ , r ≥ a
(A.61)


















eilθ , r ≥ a
(A.62)












For non-zero azimuthal order (i.e. l 6= 0), these modes have all six field com-
ponents, and are known as hybrid modes (HE and EH). We can also observe that
the modes are two-fold degenerate, since ±l yield the same m solutions of the
dispersion equation, and correspond to fields with helical wavefronts of opposite
handedness.
A.2.1 Transverse electric and transverse magnetic modes
We will now look at those modes with azimuthal order zero, which do not carry
orbital angular momentum, and are thus azimuthally invariant. By setting l = 0,















where we have made use of the recurrence relations J′0 = −J1 and K′0 = −K1. To
satisfy the equality in Eq. (A.64), either one of the two factor must be zero – but
Appendix A. Waveguide modes of a step-index optical fibre 97
not simultaneously, as it corresponds the trivial solution where all fields are zero.
J1 (u)
uJ0 (u)














Let us start by examining the latter case, i.e. the family of modes satisfying char-
acteristic equation (A.66). Since they must not satisfy (A.65), then the parameter
s defined by Eq. (A.52) is zero, the same holding for s1 and s2 given by Eq. (A.63).
Setting l, s, s1, and s2 to zero in Eqs. (A.57)–(A.62) yields Eθ = Hz = Hr = 0, and
the non-zero field components become:








, r ≥ a
(A.67)










, r ≥ a
(A.68)










, r ≥ a
(A.69)
These modes are designated transverse magnetic (and labelled TM0m, where m is
the radial order of the mode) due to the fact that the magnetic vector H is orthog-
onal to the direction of propagation, i.e. Hz = 0.
TE modes
For the family of modes satisfying characteristic equation (A.65), we can find that
the parameter s becomes undetermined. This is because we have assumed in
Eqs. (A.49)–(A.51) that the coefficient A was different from zero. Also, if A =
0 then it follows from the continuity of the tangential components of the field,
Eq. (A.41), that B = 0. By setting A, B, and l to zero in Eqs. (A.35)–(A.40), we
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obtain Er = Ez = Hθ = 0, and the non-zero field components:










, r ≥ a
(A.70)








, r ≥ a
(A.71)










, r ≥ a
(A.72)
Analogously to the previous case, this family of modes is designated transverse
electric (and identified by TE0m) owing to the fact that the E is perpendicular to
the direction of propagation (Ez = 0).
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